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INTRODUCTION 


<v 


Wc  list  hero  some  of  the  material  whose  knowledge  is  assumed  in  this 
course. 

1.  Definition  of  a  Banach  space. 

Linear  space:  Have  x+y  and  c»x  (  c  a  number)  defined  for  all 
x,y  in  the  space  with 

A.  (i)     x+y     =    y+x,   (ii)   (x+y)   +  z     «    x+(y+z),   (iii)   3     a    8   •Jx+e    «    x 
for  all     x,    (iv)   given    x     3       y    "}  x+y     ■    9 

B.  (v)     (cd)   •  x     «*    c  •  x  +  d  •  x,   (vi)  c(x+y)     «    c  •  x+c  •  y, 
(vii)     c  •  (d  •  x)     «    (cd)   •  x,   (viii)     1  •  x    *    x. 

THEOREM  1:        0    is  unique,     -x    is  unique,     0  •  x     ■*    0,     (*L;   J  x     «     *x, 
~(~x)     =    x,     c  •  0     «    0  ,     if     c  •  x    *    0     and     c  f  0,  then    x  =  0; 
if     c  •  x     =    0     and     x  /  0  ,  then     c  *  0  .  i 

DEFINITION:       A  Banach  space  is  a  complete  linear  metric  space   ,/    (x,y) 
*  /^(x-yj  0)     and      /*(c   •  X>  0)     *     |c|    ♦   yAx,  0).     The  distance     /^(x,  0) 
is  called  the  norm     of     x     and  is  denoted  by      ||   x    ||    # 

THEOREM  2:     (a)       ||   x    ||     >    0,  the  equality  holding    <***>    x     w    0 
(b)      ||   o  -x    ||     -     |c|    .    ||  x    ||   ,   (c)        ||x+y||     <      ||  x    ||     +    ||  y    ||   . 
(d)     If      E     is  a  linear  space  with  a  norm  defined  on  it  satisfying 
(a),   (b),   (c),  and  we  define      „/     (x,y)     =      ||  x-y    ||    ,  then     /Is  a  metric 
and     E     is  a  Banach  space. 

EXAMPLES:       CL,  VL  ,  L  (ji,   S),     (S     a  set,   |i     a  measure). 

2.  Linear  transformations,  operators  and  functionals. 

DEFINITIONS:  Linear  manifold,  closed  linear  manifold,  linear  function, 
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linear  transformation,   (linear)  operator,  linear  functional. 

THEOIffiM  Is     Suppose     T     is  a  linear  transformation  whose  domain  is 
the  whole  space  and  suppose     T    is  continuous  at  one  point*     Then    T    is 
an  operator. 

THEOREM  2:     If     T    is  an  operator,  there  is  an     M    such  that 
||  T(x)    ||    <    M>  ||  x   ||  for  all    x. 

DEFINITION:     If     T    is  an  operator,      ||  T   ||     -    sup        '■  TM    "      * 

x  /<8>       ||  x   || 

THEOREM    3 :       Suppose  each     T      is  an  operator  (from  B  to  B-.)  and     T  (x) 

converges    (in  B-)  to  something  for  each  x.     If  we  define     T    by  the  equation 

T(x)  ■  lim      T  (x),  then     T    is  an  operator,      ||  T .    ||    is  uniformly  bounded,  and 
n->  co  n 


||  T   ||     <    lim      inf    J  Tn   || 


n— >  cd 

THEOREM  h  :       If  each    T      is  an  operator,      ||  T     ||    is  uniformly 
■-■■    ■■    n  "    n  ''  . 

bounded,  and     T  (x)     converges  for  an  everywhere  dense  set  of  points     x.     Then 
T  (x)     converges  for  each    x. 


Hahn*3anach  Extension  Theorem. 


DEFINITION 


I      ^  V  Mg  ,  K^    Q  i^  ,  etc, 


LEMKA.  1   :     (a)  If     M    is  a  closed  linear  manifold  and    x,   is  not  in 

M,   then    d(x.,M)  »     inf    ||  x-x,    ||  >  0  (Complement  of     M     is  open). 

xfcM 

(b)  If     M.  f)  Mp  «  \©j,  then  each  element  in     M,    +  VL  has  a  unique 
representation  in  the  form    x,    ♦  x«   (obvious). 

(c)  If     M      is  a  closed  linear  manifold,  and  x,   is  not  in  NL,   then 


*™3** 


VL  »  flL     +      Xx,       is  a  closed  linear  manifold. 

LEfr&jA.  2:     If     f     is  a  bounded  linear  function  on  a  linear  manifold 

M,     there  is  a  unique  continue  vs   extension    f     to  M  and     1  is  bounded  with 
the  same  bound  as     f. 

LF.-niA  3 1     Suppose     E     is  a  real  Banach  space;  suppose     f     is  a 

bounded  linear  function  on  a  closed  linear  manifold  L(CE),   suppose 

x-     is  not  in    i'L ,  and     ii,    ■  IvL     +  f  \x_  3   •     Then  ;^    a  linear  function 
f,     on     Yl     such  that 

f^x)     =    f  (x)  for  x  on  M,      |f x(x)  |  <     ||  f    (^  •    ||  x   ||    for    x     on    M^. 

LEICA  Us     Result  of  Lemma  3  for     E    a  complex  Banach  space. 

DEFINITION;     A  separable  space* 

TriSQu.IH  1   (Hahn-Banach  Extension  Theorem);     Suppose     E     is  a  real  or 
complex  Banach  space,     M    is  a  linear  manifold  in    E,     f     is  a  linear  function 
defined  on    M    with     |f(x)|   <    M  •    ||  x   ||    for  all  x  €  M.     Then    3    a  linear 
functional    F(x)     on    E    3  F(x)  «  f  (x)     on    M    and     |F(x)  |     <M  j|  x   ||    for 

all    x    on     E. 

First  proof  for  a  separable  space     E.     Remarks  about  non-separable 
spaces ,   transfinite  processes,  etc*     Examples  of  non-separable  spaces. 

THEORY  2;     For  any  xQ     in     EQ  ,      3  a  linear  functional    f     such  that 

f(xQ)     «     ||xQ!|and    ||f||    -    1. 

iu     Linear  functionals  on  certain  spaces. 


THEOREM  1;     (a)  If    f     is  a  linear  functional  on    EL  ,  then 
f(x)     -    T    a*1    and     ||  £  ||  -    [X  |a   |2  I1/2 
(b)     If    f     is  a  linear  functional  on    jtl.  ,  then  f  (x)  ■    J_  a.x    9 

11*11  -  E  !*il  • 

THEO'aEM  2   >     If    f     is  a  linear  functional  on    Cg  ,  S  «     [a,bj  t .   "j 

a    y(t)     of  bounded  variation 

b  . 

f(x)     -    I    x(t)dy(t)  .        |f  || ■   -    V°(y)     # 

LEMMA,  1   :       If     y,    is  a  measure  over  set    S,     S     is  measurable    ji    and 
oo 
S  «        Li  S      where  each    S       is  measurable     p,    and     jx(S   )  <  cd    9  then  the 

finite  step  functions  are  everywhere  dense  in     L  (S,ji)  for  each    p  >  1* 

THEOREM  3;     If    S  is  as  in  Lemma  1  and     p  >  1  and    f     is  a  linear 

functional  on     L     ,  then  ~  a    y  *  L     9  where  q  ■?  -£-  (i  +i»l)  , 
such  that 

f(x)  .    /s  x(t)y(t)d^(t)     ,      ||  f  If  —  ^/s|y(t)|qdnWq 

for  any  representatives     x(t),  y(t)  of    x    and    y. 


PROBLEM  1?       Find  the  forms  of  the  most  general  linear  functionals 

on  (a)    /».,      (b)    J(.     ,      (c)     nu    ,  specifying  the  norm  in  each  case.     Here 

mn     is  the  subspace  of  elements    (x_  9  x0,   ••••)     of     m  3   lim    x       a  o. 
u  -L       *  n— >co  n 

PROBLEM  2;     If     S     is  as  in  Lemma     1,     f     is  a  linear  functional  on 

I*  (S,jj,),   then  jj  a     y(t)  which  is  bounded  and  measurable  on    S     such  that 
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f(x)     *    A  x(t)y(t)d|jL  i     also     ||f||    »    ess  sup    |y(t)  |     . 


5«     Miscellaneous . 

THEOREM!:     Suppose     G    is  a  closed  linear  manifold  which  is  a  proper 
subset  of  a  linear  manifold    D     in  a  Banach  space     B.     Then,  for  each  £  >  0  , 
3  on  xQ  6  D    d  ||  xQ  (I  *  1    and    ||}c0-x  ||    >  1  -  £    for  all    x     in    G« 

DEFIfllTIQIvS :     A  set  of  vectors  spans  a  linear  manifold     M.     M    is  of 
finite  dimensionality*      Ihe  dimension  of  M«     Linearly  independent  set* 
Minimal  set  of  vectors  spanning  a  linear  manifold  of  finite  dimension* 

THEOHZM  2:     Suppose     m    is  a  finite  dimensional  linear  manifold  in  a 
Banach  space     E.     Then 

(a)  Any  minimal  set  for     M    is  linearly  independent. 

(b)  If     2     linearly  independent  sets  span     M*     then  each  vector 
of  each  set  can  be  expressed  in  terms  of  the  vectors  of  the  other  set. 

(c)  If  X..,  ••»;  x,      are  linearly  independent  and  span    M,  then 

3    a     C  >0    J  c(l   \\\2}  <     \\Z  \\W<    ^    KMKil     • 

(d)  M    is  closed* 

ggOgM  3;     If     M     is  not  finite  dimensional,  the  set  of     x     in    M 
where      ||  x   ||  <  1     is  not   (sequentially)  compact. 

6*     Weak  convergence  of  elements  in  a  Banach  space* 

DEFINITION:     Conjugate  space     B*    of  linear  functionals. 


THE03EM  1:     If     x  «   B     and    F(f )  »  f  (x)     for  every    f  €  B*  ,   then    F 
is  a  linear  functional  on    B      and    j|  F   ||    *     (|  x   |L     • 

DEFLATION:     Reflexive  space « 

TIEO.IEM  2   ;       Suppose   ^x   }    is  a  sequence  of  elements    9    |f  (x  )  |  <  Mf 
for  every    n    and  every    f «     Then     J'TC    |j    are  uniformly  bounded* 

PHOBLEM  3:       Prove   Theorem  2.     Hint:     Use  the  method  of  proof  of  the 
theorem  on  the  limit  of  operators,  the  space  being    B     e 


DEFINITION:  x  — r  x  weakly  in    B. 
IV 

DEFINITION:     ,rWeak  neighborhoods",  convergence  in  a  topological  space* 

THBO.EM  3:  (a)     If     x '  — >  x     then  x    — 7    X 


(b)  If     x    —7    x    any  subsequence    x,    — y  x 

n 

(c)  If  x    —7    x    and    x    —7    y,  then  x  «  y 

(d)  Suppose     X  x  \    and  Xq     are  such  that  each  subsequence  of  jx   r 

contains  a  further  subsequence  which    — >    x~.     Then    x    — •%    x^  • 

r      v  n       r      0 

(e)  If    xn  —-7    Xq  ,  then   ||  x   ||    uniformly  bounded. 

REMARK:     A  Banach  space  is  a   "Hausdorff  space"  with  respect  to  weak 

topology. 

DEFINITION:  Weak  Cauchy  sequence.  Complete  with  respect  to  weak 

convergence, 

THEOREM  U:  If  B  is  reflexive,  then  B  is  complete  with  respect  to 
weak  convergence. 

TH50HEM  5:  A  necessary  and  sufficient  condition  that  x.  — 7    xn  is  that 
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||  x   ||    uniformly  bounded  and  f(x  )  —>  f  (x0)  for  an  everywhere  dense  set  of    f» 

CQUQLIiiHY  1:     If    B       is  separable,  any  bounded  sequence  contains  a  weak 

....     »   ' 

Cauc  hv^  s^eg^yyig  n  »■■>  ».«—    * 

CO 'X)L,IA.RY  2:     If,  also,     B     is  reflexive,  each  bounded  sequence  contains 
a  subsequence  which  converges  weakly  to  some  element  in    B. 

THEOtKM  6:      (a)     xr  -,    x  in     L  (S,ji)    (p  >  1),   < >   [(xjl  is 

uniformly  bounded  and    /    x  (t)djj,    — >    /    x(t)dji    for  each  measurable     e    with 

fci         Ii  w 

y,(e)  <    co   • 

(b)     if    S     is     L    and    ji    is  Lebesgue  measure     x    — ^    x    in     I^(S,y,) 
<— >     the  conditions  in  (a)  hold  where     e     is  any  cell  with  rational  vertices* 

THFOREM  7   (Remark):       If     S  -  [a,b]   ,  x    -^    x    in  C(S)   < >  ||  x   ||    are 

uniformly  bounded  and  x  (t)  — >  x(t)  for  each    t« 

THEOREM  8;     (a)  L  (lL.,m)  is  reflexive  and  separable  for  each  p  >  1« 

(b)     The  same  is  true  if    IL    is  replaced  by  a  domain     GCR»« 


PROBLEM  h:       Prove  Theorem  8. 


THEOREM  9t     Closed  linear  manifolds  are  also  closed  with  respect  to  weak 

n 

convergence;  i.e.  if  x  •— 7    x~  *    3  a  sequence    y     •    5     a  .x. 

n  '      o  *  "■  n   t—s  ni  1 


5  ^n-*  *0  • 

7«  Completely  continuous  operators;  eigenvalues!  the  Riesz  theory. 

DEFINITION t     Completely  continuous  operators* 

THEOREM  1;  If  T   and  T  are  operators  from  B  to  B, 
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each  T      is  completely  continuous  and    ||  T  -T||  — >  0,   then     T    is  completely 
continuous. 

IHEOP^i  2;     If     T,      is  an  operator  from    B     to     B,     and     T2     is  ore  £ rorc 
B,     to     B     i  and  one  of     T    or  T„     is  completely  continuous,   then     TpT.     is 
completely  continuous. 

THEOREM  3:     If     T.,   •••,  T       are  completely  continuous  from    B     to    B- 
and     T     *    V"  c.T.    •   then     T     is  completely  continuous  from    B     to     Bn  • 

*—      11  JL 

From  now  on,   confine  ourselves  to  operators  from    B     to     B. 


EXAMPLES ;     1.     B  »  C(S),     S   »  [a,b]   .     Tx  »  y,  y(s)   »  /  bK(s,t)x(t)dt 

1        *  a 

K,  continuous     for  a  <s   <  b,  a  <  t  <  b. 
2.     Same     B,  same  notation,  y(s)  »  /  b     K(s^t)x(t)dt  >  0  <  a  <  1. 


a  Wt'a 


Proof:     Define  T  x  «  y      defined  by 

Kk*±li£|Swt|   >    i 
yn(s)  -//  Kn(s,t)x(t)dt,  Kn(s,t)  «   |s~t|a  -    n 

na  K(s,t)  if   |s-t|  <i  . 

|yn(s)-y(s)|     <    /    (s)        7— a-na    .|K(s,t)|.|x(t)|dt 

°nv   ;  |s-t| 

<    M-||x    ||  •  -Xr  II  T     -T||<    2K 

—  "       "        1-a  "    n         "  —    ±«-a 

n  n 

3.     Same  as  in    1    with  B  •»  Lp(S),  S   »  [a,b]   • 

U.     Same  formula  as  in    1     but  with  K(sjt)  in  1^  on  square. 


THSQRICM  h:     If     T    is  completely  continuous,   the  manifold     M    of     x    J 
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x  -  Tx  «=    ®       is  a  closed  linear  manifold  of  finite  dimension*     Also    J   an 

m  >  0 

||  x-Tx||    >  nd(x,M)  • 

THEOREM  5:     If     T    is  completely  continuous  and     x  -  Tx  ■  ®    < — > 
x  a    (J^     9     then  I-T  lias  a  bounded  inverse. 

Consider  I  -  XT,   i.e.  x  -  Xlx  from  now  on. 

DEFINITIONS;     Eigenvalue,     Spectrum.     Complex     B. 

Lemma:      UT-.-.T    ||     <     [J  T-,  |f     ....  ||  T    ||     .     By  induction. 

THgpJtgM  6:      If     T    is  any  operator     I  -  XT     has  an  inverse  for  each     X 

with   |X|     <    -i-     >   I 
II  T|| 


SOKEM  7;       If     X^    ,   ...,  X      are  all  distinct  and  non-zero  and 
x.    ■  \:Tx.    |  i  ■  lj    •  ..,  n9   then  the  x,,   ...j  x    are  linearly  independent. 

THEOREM  8:       If     T    is  a   completely  continuous   operator,  its  eigenvalues 
are  isolated. 

8.     Hilbert  space;  unitary  space. 

DEFINITION;     An    N -dimensional  unitary  space     (real  or  complex). 

DETRITION:     Hilbert  space   (real  or  complex)   ^C  • 

THEOHiM  1:       (a)     (x,  *T  d.y.    )  -    T    d.  (x,y. ) 

i=l  x  X  i=L     1         1 

% 

(b)      |(x,y)|     <  ||x||  -Hyll  (Schwarz) 

DEFECTION;       x     orthogonal  to     y;     x     orthogonal  to     M. 
DEFINITION:       n.o.  set.     Complete  n.o.  set. 

LEMMA:     If     M    is   a  linear  manifold  of  finite  dimensionality  and     x 
is  not  in     M,      J    a     yQ     in     M     nearest     x     and     y     -  x  is  orthogonal  to     M. 
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THE0HE2 


THEO  .<EH 


l'l    2 i     If    *f%   is  separable,    Tv.  contains  a  complete     iuo*  set. 
3:     If    J e.  ?    is  a  complete  n»o«  set, and  x   £ &  ?  then  the 


oo  «  w 

series    ]jT   |(x,e  )|       <  gd     and  if  we  define    x.     »    £    (xfe*)e»  »  then 

n»l  n«l 

||  a:.  *  x||    — >  0  •     Moreover  if  (x,x, »••)€.    -v    and 

N 
*$     a    5Z  x  en  '  thaB     J    on    x    3   ||  x^  -  x  ||    — >  0» 


THEOiiEM  U>     If     Je.|  is  a  complete  n*o.  set,  x  ■    V  x  e.   , 
i  ■»•     i— i 

y  *  SI  y  ei  * then  (x#y)  •  21 x  y  • 

DEFINITION:       Conjugate-linear  f unctional. 
LEMMA :       f  conjugate -linear  <— >    f     is  linear. 

THFORSM    5:       If    f  £  ft*     3    a    y€#     >    f  (x)  •  (x,y)  for  all  x» 
If    f     is  conjugate  linear,   there  is  a    y  6  «^C    9    f  (x)  *  (y>x)  for  all  x« 

THBO.TO  6;     If     jfif     is  a  separable  Hilbert  space,  then  Jfifis  reflexive. 

THEO'tCM  7:     K     M    is  any  closed  linear  manifold  and     Xq  €  ft  -  M,    3 
a    y.     in    M    which  is  nearest    xQ     and  (Xq-Vq)  is  orthogonal  to     M« 

DEFINITION;     Projection  of  an  element  on    Mj     a  projection  operator. 
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CHAPTER  I 
SEMI-CLASSICAL  RESULTS 
1.1.     Notations.     In  this  course,  we  shall  use  the  following  notations 
and  terminology:     If     G     is  a  domain,     a  G    denotes  its  boundary  and    G    denotes 
its  closure;     all  domains  will  be  bounded  unless  otherwise  specified.     If     D 
is  a  domain  with    U    compact  and    He  G,  we  write    DCC3.     If     G    is  a  domain 
and  h  >  0,     G      denotes   the  set  of  all  points     x    in    G^B(x,h)c.G.     If    Ctf 
is  a  function,  \(tf>)     denotes  its  support,  which  is  the  closure  of  the  set  where 
(/>    does  not  vanish* 

A  function    f    £     Cm(G)     iff  (if  and  only  if )     f     is  continuous  together 

with  its  partial  derivatives  of  order     <  m  on  G;     f  £Cm  (0)  for    0  <  p.  <  1  iff 

p.  — 

f  fc  Cm(G)     and  its  derivatives  of  order     <  m    satisfy  a  uniform  Holder  condition 
with  exponent    ji     (Lipschitz  if    y.  s  1)  on  each  compact  subset  of    G;     f£C  (G) 
iff    £  &  Cm(G)     and    f    and  its  derivatives  of  order     <  m  can  be  extended  to    ^ 
and  hence  to  a  domain  3  G  %     f  €  C   (G)  iff    f     can  be  extended  to  £  C  ( P )  for 
some    P  ^  G«     Similar  definitions  apoly  for    f  £  ^(G),  C^  (g),  or  for    £ 
to  be  analytic  on    G    or     G.     A  mapping    x     »  x  (y  ,...,y  )   ,   a  «  l,...,v 
from  a  domain    G    onto     G     is  of  class     C       iff  it  is  1-1  and  each  of  the  functions 
xa  and    y^    of  the  inverse     £  Cm(G)  or  Gm(G)  ;     the  mapping  is  also  regular     iff 
all  the  derivatives  of  order     <  m  are  uniformly  bounded;     mappings  of  class     C 
or  analytic  are  defined  similarly.     The  class     Cm(G)   (or    C171  (G)  or    C®  (G),  etc.) 
consists  of  all    f  £C  (G)   (or  etc.)  with  compact  support.     A  domain    G    is     of 


in  a  domain 


class     C     (C     ,  C     ,  analytic)  iff  it  is  bounded  and  each  point     P      of    9  G    is 
ji  o 


~r)   which  is  the  image  under  a  1-1  mapping     t    of  class  C     (C  ,  C 


or  analytic)  of  a  sphere     B(0,R)     in  which   <T     (see  just  below)  is  Curried 

rt 

into    7)  A  dG    and     GR  is  carried  into  ys  D  G, 
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We  say  f  £  L  (G)  iff  f  is  measurable  and  jf  |p  is  summable  on  G; 
but  we  also  use  L  (G)  to  denote  the  space  of  classes  of  equivalent  functions 
with  norm  n  r  .  Vp 

o  c 
for  any  representative     F    of  the  element    f.     If    f  g  C  (&),  h  (f)     denotes 

its     u.-Rolder  constant,  i.e. 

sup  |x2-x1f^    ^(x^-rf^)!  (^-(^,...,3^)^-1,2) 

x,  ^XpC*  G 

x1  /x2 

If    v    is  a  vector  or  tensor  (such  as  v   P  ),    |v|  denotes  its  length,  i.e»  the 
square  root  of  the  sum  of  the  square  of  its  components.     If  S     is  a  measurable 
set,      |S  |     denotes   its  measure.     B(x  ,R)  denotes  the  open  sphere  with  center  at 
x      and  radius     R.     E  .    denotes  Euclidean   i)  -space     (metric  included);     Ej*    is 
that  part  of     E^   where     x     >  0,  E^    that  where  x*  <  0,    J?     a  Q^C0*1)* 

We  have  many  occasions   to  work  in  the  spheres  B(0,R);  we  often  abbreviate 
B(0,R)    (and  often  B(x  ,R)   to     BR  •     VJe  denote  the  hemisphere     GR  =  BR  f\  E  » ,   the 
hemisphere     G^B^Ei,     Also    CTR  »  SRA3£  f\  BR  ,     ]£R  »  3BR0  E^  , 

Zr"-3brOe^. 

If     u  €  C f (G) ,  u        denotes     9  u/#x .     similar  notations  hold  for  higher 
derivatives.     In  boundary  integrals,     dx*     stands  for     (n°e  )dS     where     n     is 
the  unit  outer  normal,     e     is  the  unit  vector  in  the  x    direction,  and  dS  is   the 
(■^-1) -surf ace  element;   thus  Green's  theorem  (D  of  class  C,  ugC'(6)    )  reads 

A-  u  dxT  «•  7L  u      dx 

'QD  a      J  D     o  a 

fy  •     |3B(0.1)|,         fc     |B(0,1)|     in  n)-space. 
If     u  €  C  (G),     a  »  (cl  ,»..,a*)  where  each     a      is  an  integer  >  0,    |a|  denotes 
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II  cl  a^ 

a.    +  •••+a^i     and  D  u  denotes    o*    'u.^x.   ,  ...^x^    j^u    denotes  all  the 

derivatives     Dau  with    |a|   »  k    and    |V  u|     *    ]JT     (D^u. |     • 

|a|-k 

The  cell    aa<  x  <  ba,   a  «  1,...,V,  is  denoted  by  [atb]«     There  are 

times  when  we  wish  to  study  the  behavior  of  a  function  as  a  function  of  some 

one  variable    x      or  with  respect  to  all  variables  except    x  •     When  this  is  the 

case,  we  write     x  ■  (x  ,x*   )  and  f  (x)  »  f  (x  .x1)  and  denote  ^-1)  dimensional 

a  a  ^i 

integrals  over  cells     [a^b1]  on  x    ■  constant  by    /        f  (x  ,  x  )dx'  ,  etc. 


a'    a"  "     "  a ' 


1,2.     Elementary  properties  of  harmonic  functions* 

2 
DEFINITION  1.2.1   :     u     is  harmonic  on     G  <~ >    u€  C   (G)     and 

Au(x)     -    >"  u-   .  (x)s  0     ,  x  €  G. 

eft"    -aa 

THEOREM  1.2.1:     If     u    is  harmonic  on  G,  DCCG  and    D     is  of  class  C1 

and    B(x  ,R)    C   G,   then 


(1.2.2)  u(xQ)   «    ^  /aB(xjR)u(x)  d£ 

(1.2.3)  u(xQ)   «   |B(xo,Rr1  /B(x  ^R)u(x)dx 

Proof:  The  first  follows  from  Greenes  theorem.     If    D     *  B(x  ,r), 
0<T<  R,    (1.2.1)   takes   the  form 

<1-2-«    4B(x0,r)  Vs  ■  °- 

where    u    denotes  the  radial  derivative.     Let  (r,p)  be  polar  coordinates  with 
pole  at     xQ  ,  r  «   |x-xq  |  and    p     on    21  "36(0,1).     Then     (1.2.U)  is  equivalent 

to 

(1.2.5)  /        vr(r#p)  d  JT  •  0,     v(r,p)  »  u(xQ  ♦  r  £p),    £p  -  Op  . 


Integrating  (1.2.5)  from  0  to  R  yields  (1,2.2).  Using  (1.2.2)  with  R 
replaced  by  r,  we  obtain  (1.2.3)  by  multiplying  both  sides  of  (1.2.2)  by 
■Lr     and  integrating  wrt.  r  from  0  to  R. 

THEOREM  1  .2.2:  Suppose  u  is  harmonic  on  the  domain  G,  x  6-  G,  tt 

takes  on  its  maximum  value  at  x  .  Then  u(x)  «  u(x  )• 

11        o  '  o 

Proof:     Use  the  mean  value  theorem  and  connectedness  of     G* 

THEOREM  1.2.3:     If    u    is  continuous  and  (1.2.3)  holds  for  every  B(xQ,R) 
CCGj  then    u    is  harmonic.     A  harmonic  function  has  derivatives  of  all 
orders  which  are  harmonic. 

Proof:  Since  (1.2.3)  holds,  we  see  that    u  6C'(G°)    with 
u,a(x)  •   |B(xo,R)r1  /BB(x    R)u(x)  dx^    if    B(xo,R)CCG,   a  •  1,...,  >> 

But  then  by  Green*s  theorem,  we  see  that    u      also  satisfies   (1.2.3) •     By 
induction,  we  see  that  all  derivatives  are  continuous  and  satisfy  (1.2.3). 

So,  suppose  x    €  G.     Expanding  in  Taylor's  series,  we  obtain 

(1.2.6)      u(x)  -  u(xo)  =  (xa-x0V  0(x0)  ♦^(x°-x0<1)(A  xf  )u  ^xo)*(x0,x) 

|R(x,xo)|    _<  M«  |x-xq  |3  if   |x-xQ|<R,     B(x  ,R)CCO. 

It  follows,  by  integrating  (1.2.6)  over  B(x  ,r),  dividing  by  r  |b(x  ,r)|, 
using  (1.2.3),  and  letting  r  — >  0,  that  Au(x  )  •  0. 

3 «  EXERCISSS 

1.  Show  that  if     u    is  harmonic  and  in  L  (G),   then 

P 

|u(x)  |p  <  |B(x,r)  f1  /B(x^r)  |u(y)  pdy      if  B(x,r)  C.G 

2,  If    u    is  harmonic  and    u  €  L2(G),  then     |72u(x)  |  <  C(V)  ||u|£  S^1"    ** 
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3#     Show  that  if     u     is  harmonio  on    G,    |u(x)  |  <  M  there,     6      denotes 

mm  j£ 

the  distance  of     x    from   ^0    for  xsG,   there  exists  a  constant     C,  depending 
only  on    ^  ,     such  that 

|  9k  u(x)  |  <    kj  e^As^  ,        k>  1 

1«3«     ?oissonfs  integral  formula ;   elementary  functions;   Green  rs  functions. 

Suppose     G     is  a  bounded  domain  of  class     Cr     and     u    and     v     are  of  class 
C,r     on  G  =  G  U^G.      Then,  from  Green's   theorem,  we  obtain  the  formula 

(1.3.1)  /r(uAv~v£u)dx  -  Ap(u ^  ~  y-|B)  dS 

G  c7<-i     3n         £n 


«An(uv       -  vu     )dxr 
•3G      j  a  j<r        a 


n    being  the  exterior  normal-* 


Next,  it  is  a  well-known  and  easily  verified  fact  that 


f(y)   =  J  lJl         ,  if  -0>2 

log    |y  |     if  *  -  2 


is  harmonic  if     y  /  0.     Mo  ire  over 

2tt,     if  T)  =  2 

So,   let  us  define 

(1.3.2)         KQ(y)  -f-CiW)-1^-1   \y\2~V    ,     if  i>>2 

(2TT)"*1  log   |y|  if  V=  2 

Now,   suppose     G     is  bounded  and  of  class     C,     ul.Cm(G),   Au(x)  «  f(x) 
on    G,  and     xo  £  G.     Suppose     B(x  9p)  C  G    and  we  apply  (1.3.1)  to  the  domain 
G  -  B(x  ,P)     with  v(x)   *  K  (x-x  ).     Then  we  obtain 
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Letting  0— ->  0  in  (1.3.3),  we  obtain 

(1.3.W        u(xQ)  -  4G(u|2  -  v§£)dS  ♦  /G  KQ(x-xo)f  (x)dx 

(v(x)  •  Ko(x-xo)) 

DEFINITION  1.3.1:  The  function  K  ,  defined  in  (1.3.2)  is  called  the 

o 

elementary  function  for  Laplace!s  equation  Au  «  0. 

If  f (x)  »  0,  then  (1.3.U)  expresses  u(x  )  in  terns  of  its  boundary- 
values  and  those  of  its  normal  derivative.  However  ,  from  the  maximum 
principle,  a  harmonic  function  is  completely  determined  by  its  boundary  values 
alone.  If,  in  (1.3.U),  we  have  f (x)  =  0  and  could  take 

(1.3.5)     v(x)  -  Ko(x-xq)  +H(x,xQ)  s  GQ(xo,x) 

where     H     is  harmonic  in    x    for  each    x      and  so  chosen  that    v  »  0  on      G, 

o  ' 

then  (1.3.U)  would  express  u(x  )  in  terms  of  its  boundary  values.  Such  a 

function  v,  if  it  exists,  is  called  a  Green !s  function  for  G  with  pole  at 

x  •  By  the  maximum  principle,  the  Green Ts  function  is  unique  if  it  exists  at 

all. 

From  the  discussion  so  far  given,   it  follows  that   (a)  if  a  Green's  function 

v     exists  for  a  given  domain    G    and  point     x      and  (b)  if     u    is  of  class  CM 

on     G  and  harmonic  on    G,  then  (1.3.U)  expresses  u(x  )  in  terms  of  its 

boundary  values.     If  a  Green Ts  function  could  be  found  and  if  it  could  be 

shown  to  be  harmonic  in    x      for  each    x    in  G,  then  the  function    u    defined 

o 

by  (1,3.U)  with  f  «  0  and  u  in  the  boundary  integral  replaced  by  a  function  u* 
would  be  harmonic;  it  would  then  remain  to  show  that  u(x)  — >  u*(x  )  as  x— >  x 
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for  each    x    on  3  G.     And,  of  course,  proving  the  existence  of  the  Green's 
function  requires  proving  the  existence  of  harmonic  functions  having  certain 
given  boundary  values.      Ihis  problem  is  called  the  Dirichlet  problem* 

Because  of  all  the  problems  mentioned  in  the  discussion  above,  the 
Eirichlet  problem  is  not  usually  solved  by  proving  the  existence  of  the 
Green's  function.     However,   there  is  one  case  where  this  is  possible,  namely 
the  case  when     G     is  a  sphere  which,   obviously,  may  be  assumed  to  have  center 
at  the  origin,     lie  nox*  derive   the  Green's  function  for  such  a  sphere. 

Let     x  £  Bp  a  B(Q,R)  and  let  x1  be  the  point  inverse  to     x    with  respect 

to       E„,   that  is,   the  point  where 

x-     =     R2x7|x|2 

Using  the  spherical  symmetry,  it  is   easy   to  verify  that  the  ratio    l^-xl/l^-x'  | 
is  the  same  for  all     £  on    3bd       so  that 

£  -x1  I         R    -  R  R 

x 


Thus  we  note   that  if  we  define 


(1.3.7)  0(x,e) 


2tt 


i-  [log    |?-x|  -  log)  £-x'|  -  log(|x|/R)],   *^«  2 


V>2 


then  G(x,C  )  is  of  the  form  (1«3*5).     Moreover,  by  using  the  formulas  for    x* 
and    £  *  ,  we  see  that 
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(1.3.8)  GU,  x)  «  G(x,£) 

so  that    G     is  harmonic  in    x    for  each    £     and  vanishes  for  K  interior  to 
and     x  f  3Bn  •     Thus   the  function     u    defined  by  (1.3.U)  with  f  •  0     and 
vfe)   =  G(x,^)  is  harmonic  on  BR  •     Finally,  since  the  function    u  e  1    and     G 
satisfy  the  hypotheses  of  the  argument  in  the  paragraph  containing  equations 
(1.3.3)  and  (l,3»h),  we  conclude  that 

(1.3.9)  ./U     |5&d  dSfe)  ,1     ,  x*.  BR 
By  computation  from  (1.3.7),  we  see  that 


R 


mZ&l  B    ^  «  G^  -  R-V/  *"[  |4-x|4a  -  xa)  -  ( |x|/R)2-^-X.  H 

fe'-x-0)] 


■  r"1  rr1*  i«-x  i"?r2-«  •*>  -  ( i*  i  a)"vi«-x«  r9  c  ix  i2-  ?«)  j 

For  £    on  ^B„,  we  may  use  (1.3.6)  to  obtain 

(1.3.10)  3G&J-L    .     (rR-l)|^x|^(R2.|x|2) 

3n(0  V 

and  thus  obtain  Poisson*s  integral  formula 

(1.3.11)        u(x) .  (cuf1/*,  i^xrtR2,  ixi2>  u*(oac 

V  <7DR 

for  the  harmonic  function    u    which  takes  on  given  values     u    on  d8R# 

To  see  that     u(x)  — >u  (O  as  x  — >  E      if  u    is  continuous,  x~-BR  , 
*  of  ^BR  «  W€  note  ^ron  (l*3#9)j   (1%3,10),  and  (1,3,11)  that 

(1.3.12)        u(x)  •  u*(^)  •  (^R)-X  fQB     |&-xrV(R2-|x|2)[u*(C)  -  u*(50)]d€ 
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To  show  that  this  difference  — >  Q,  we  break  the  integral  on  the  right  in 
(1.3.12)  into  integrals   3^  over  T&hRf)B(%Q,  p)  and     I2     over  3BR  -  B(£q,  to) 
where  we  may  choose    D    so  that    |u  (£)  -  u  (E    )    |   <    £/2     for  £  eSB^fiBte; QsP)> 
':.  being  given.     The  reader  may  complete  the  proof. 

EXERu IS  E 
Complete  the  proof  that  u(x)  -  u  (£   )  — >  0  in  (1.3.12). 

l.U     Potentials.     In  formula  (1.3.U)  with    v(x)   -  K  (x~x  )  «  K  (x  ~x). 

"■■'■■  '•■  ■  00      00* 

we  see  that  if  u  is  of  class  C M  on  G  with 

(l.Iul)  Au(x)  «  f  (x) 

where  G  is  of  class  CT  ,  then  the  boundary  integrals  are  harmonic  so  that 
the  function  U  defined  by 

(1.U.2)  U(x)  -  /  K  (x-^)ffe)  d£ 

would  differ  from  u  by  a  harmonic  function  and  hence  would  also  be  a  solution 

of  (l.Ii.l). 

DEFINITIONS:     The  equation     (l.U.l)  is  known  as  ?oissonrs  equation    and 
the  function     U     in  (l.U. 2)  is  called  the  potential  of     f. 

Unfortunately,   if     f     is  merely  continuous,  it  does  not  follow  that    U 
is  necessarily  of  class  C,!5  we  shall  give  an  example  of  this  later.     However, 

we  c«gin  with  the  following  theorem: 

THEQftbM  l.Ii.l:     If     f     is  bounded  and  measurable  and  has  compact  supoort 
^  G(bounded),   its  potential     U  \.  C T 

(l.ii.3)  U^Jx)  -/Q  Ko^a(x  -*)ffe)  d£       ,  M-supf(^), 


-20- 
(l.h.U)  |U  a(xg)  -  U     t^)  |  <    M[3^>  *  f log(3  +  A//&  )]#     A  -  diam  G,  ^>  H^-^l 

Proof:     We  shall  first  assume   that    f     is  continuous  everywhere  and 
define     V   (x)     to  equal  the  right  side  of   (l«lu3)  and  define 

(i.h.S)       v^W  =  /G.B(x  .)K0>a(X  -  e)r fete      ,         x  /,  ev  . 

We  note  first  that  the  integrals  are  absolutely  convergent  and 

(1.U.6)    |7   (x)  -  Va(x)  |  <  M  /B(x  )  p^k-  x|1",Vd^   =  M^>,  M  »  sup  f  fe)  . 


for  all     Xo     Also,   if  we  choose     G'jG  U  B(x,P)      (remembering  that  f  (£)  «  0 
on  E^  -  G) 

X  £  E^  • 

By  calculating     K        ^  ,  we  see  that 

(i.U.8)  |k^(7)|   fT/Elyri    M^Vm/i],  iK^WI-iflxl-^l 

Thus,  if  E (x,  0)    /I  G  /  0,  we  may  choose     G»   »  G  Ub(x,2P)  and  use   (l.lu7) 
and  (l.U.8)  to  obtain 

|vf,^)|  <  m  +/E(x,4+3^_B(x,f)MP/1U;:-xr^k-x|-l'-2ka-xa|.|W|3d« 

<    M  [1+CV  ^Jr-dr]   =  M[l  +  Cy  log(3  +  AAP)]. 


If     B (x,p)  /l  G  a  0,   then  the  first  term  in  (l.ii.7)   is  0  and,  since  ffe)  «  0 
outside     G,  the  second  integral  reduces   to  an  integral  over     G    and 

<  M  C^  /QA+6  r^dr  <»[l+C^log(3+A//P  )]     since     6  >  p    . 
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Thus  (l.u.li)  follows  with  U    replaced  by  V  ,  Since  this  inequality 
does  not  depend  on  the  modulus  of  continuity  of  f ,  we  may  approximate  any 
admitted  f  by  continuous  functions  and  (l.U.U)  follows  in  the  limit  for 

V  •  That  V  (x)  «  U  (x)  then  follows  by  integration,  using  Fubinirs  theorem* 

q         a  ,  q. 

1.5  General  potential  theory*  In  the  preceding  section,  we  saw  that  if 
f  is  bounded  and  measurable,  its  potential  is  of  class  C1  and  its  derivatives 
are  given  by  formulas  of  the  type 

(1.5.1)        V(x)  -  /G  P   (x-£  )ffe)  d£ 

where    P  satisfies   the  f oil  owing  general  hypotheses: 

GENERAL  HYPOTHESES  ON   /H  : 

(a)  p  is  positively  homogeneous  of  degree     1-V; 

(b)f(-y)  -  -T(y)         £or    yft. 

(c)Pis  of  class  CIT  on  E^-£o|. 

Integrals  of  the  type  in  (1#5.1)  arise  in  the  study  of  elliptic  systems 
of  higher  order  also,  so  we  devote  this  section  to  the  study  of  such  integrals 

and   to  other  useful  lemmas. 

THEOiTEM  1.5.1;     For  any    f   satisfying  the  general  hypotheses, 

^'2)  4B<VR)  r  (  €-x)  d  ^  -    /3B(0)1)  r(y)^dS(Tj)     ,  x  t.  B(xo,r) 

Proof  t       If  x  ■  x  .  the  result  is  obvious  from  the  homogeneity.     Otherwise 
we  set  up  a  correspondence  K  ^M  between  the  points  f\    of  BB(0,1)  and  £  on 


3b(x  ,R)  by  means  of  the  equation 

Hv)    ■    x  +   x( 


*fp  between  the  points  yt 


r>)   -  x  ♦  x(-n).^    ,     xfo)  «  U(t|>  -x|  > 
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■flfiten 


(1.5.3)  d  jrj       «    R^feX-  XY  )  ,dS(0   »  R^feY-  x^  )*\*SecXMdSfe>, 

(l.S.U)  cos  X(|j)  -  R"^*fe-xo> 

For  a  given   7}  ,  let  x,  fh)  be  the  foot  of  the  perpendicular  from  x    to  the 


line 


7)  ,  let  ^(TY 


o 


ine  joining    x    with    £(>p.     Then  we  see  that    £  (yj)     is  the  other  intersection 


of  this  line  with   -3>B(x  ,R)  and  that 

(1.5.5)  x^)    -  x^-ft)  ,       x(-in)  -  x(T9)  , 

(1.5.6)  €  (ii)  •  x^tj)  ♦  R  cos  zMtfi. 

From  the  homogeneity  and  (lf5.6)  we  have 

(1.5.7)  R-1(5Y-  xj  )seoX(Tj)  «    R"1(«Y  -  xj    )  secXft)  +  R_1(xJ    -x£  )secXW 

-  "hY    +    R-^xJft)  -  xY  ]secX(n) 

Using  (1.5.7)  and   (1.5.3),  we  see  that 


^B(xo,E)^fe-XK     '    ^B(0,l)f'VTdS(l?) 


+  /.)B(0,1)  T^)  •R"1[x[  (Tj)-x£  ]secX(^)dS^ 


and  the  last  integral  vanishes  by  virtue  of  (b)  and  (l.5»5). 

THEOREM  1.5.2:  (a)  Any  two  points  x^^  and_  ^  in  B  can  be  joined  by 
a  path  x  »  x(s),  0<s<j(  ,  in    BR  such  that 
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/^  (R  -    |x(s)  D^ds     <     (2fl  *  1)-  Ix^^  I*1       ,     0  <  |i  <  1     . 
(b)     There  is  a  constant     C(|i)     such  that  any  two  points  of     G      can 

XL 

be  joined  by  a  path  x  ■  x(s),  0  <  s  <  £  ,  in  GR  such  that 


/*{5[x(s)]J  ^ds  <  CW-  IV3^' 


0  <  n  <  1 


where    6(x)  denotes  the  distance  of     x    from   ^GR  •    ]£[pU*3C     • 

Proof;     (a)  is  easily  verified  as  follows*     Let  fim  |x--x2|«     If 
R  <  P  <  2R,  choose  the  polygonal  path  xJOXg  •     If  0  <P<  R  and     Ix-j  <  R  -P  , 

|xp  |  <R  -P,  choose  the  segment     x^Xp*     If    |x,|  >  R-P  ,    jxp  |  <R'-P.j  choose 
the  polygonal  path    x-jX-Xp    where    x^  i3  on  Ox,  with   |x^  |  ■  R-A*«     If    |x-|  >  R-P, 

|xg  |  >  R-  P>  choose  the  polygonal  path    x-x-JCjXp    where    x^     is  on  Ox-,Xi    is 
on  0  Xp,  and    |x-  |  «    |x,  |  ■  R  -  P  • 

(b)     Since  x-,0  ,  and  Xp  lie  in  a  plane,  it  is  sufficient  to  prove  this 
for   i)  B  2j  thus     C    does  not  depend  on  ^.     It  is  also  sufficient  to  prove  it 
for    0  <  ta-Xgl  *P  -  kR    where     0  <  k  <  1/3  ,  say.     For  such  P ,  the  set    S 

of     x    such  that     6(x)  >  0      is  the  part  of  the  circle    |x|  <R-P      where 

2 

x  («y)>  P    •     For  such  0  ,  we  choose  the  paths     x.,Xp     if     x1    and  Xp  £"    Sp  , 

xx  x       if  x^a    So      and     Xg£  Sp      and  x^x^xXg     if  x^&  Sp      and  ^d  sp» 

here    x^  is  the  nearest  point  of     Sa>  to    x,     and  x.      is  that  nearest    x2«     A 
straightforward  analysis  verifies  the  result  in  all  cases. 

As  an  immediate  consequence  of   Iheorem  1.5.1,  we  obtain 

THEOREM  1.5»3:     If  p    satisfies  our  general  hypotheses  and  is  of  class 


Cn  on  E^»JO  ?  i  n  >  1,  there  exist  constants  C*   ^a   which  depend  on  H 

but  whose  Magnitudes  depend  only  on  those  of  y pp  on  £B(0,1)  for  p  <  n, 
auch  that 

-/S8(X„,R)  P  „  •   ■  (x-?)(|L-x^)  ...  (/P-*^'  -  0,  p  <  n,  X£-B(x.R) 

THEOREM  1.5 #U:     Suppose  Fsatisfies  the  general  hypotheses  and    f  iC 


on 


B      with    0  <[i<l,  and  suppose     U    is  defined  by     (!•£•!)•     Then    Uv_C  "^ 


on    IL    and 


(i 


P)0(x-«)f(e)d5  , 

Ca    "     +4B(0,l)r(y)ya<3S(y)   '         X€BR         . 

Moreover,  there  is  a  constant     C ,  depending  only  on  ji,  V  ,  and  the  magnitudes 
of  P  ,  yf  and      y  P      on,  B(0,1),   such  that 

d.5.9)  y»u)<  cyr)   ,    ||lvu|||°<  ct  HI  ar  III  °*  n_1R  ^(f)] 

Proof;     We  begin  by  extending    f     to  be  of  class     C       on    BOD  and  to  have  the 
— — — —  p,  cti 

same  bounds     h  (f)     and    |||f  |||°.     Then 

U  «  Ux  -  U2     ,  U^x)     -  /B     r  (x-  *)*  (£)d£  , 

2R 
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(1.5.10)  u2(x)  -    /B    „B        (x-rjf(^)d|    , 

2R       R 

Using  Theorem  1.5.3  and   the  fact  that    "  Q(x  -  t )   -  -^f^x  -X  )/&£?     >  w© 
obtain,  for  x  c  B0  , 

(1.5.11)  u2>a(x)  -   /  B2r_Br  paU-t-  )f  Q.)df  -  /B2r.Bh  fjaHf)tf  (£)-f  (x)3d| 

(1.5.12)  U^^  (x)  -  /Bzr_Br    P)0#    (x-jr  )[f  (|)  -  f (x)]d| 

From  (1.5.12),  we  obtain 

(1.5.13)  IV2U2W|  <-  C^  •  h  (f)-(R-lxl)^"1 

Using  Theorem  1.5.2  and  the  fact  that 

£     9 

|7U2(x2)-n7U2(x1)|  <  /*    |7^U[x(s)fesi 

along  any  path  x  =  x(s)  ,  0<  s<  J£,  we  see  that 

(1.5.1U)        h(7.D2)  <  C2«h  (f)   . 

Now,  we  define 

UipW  =  7B2R-B(x,z))    ^(x"5  )f  («>*:     >  x  eBR,  0  <^  <  E  . 
Then,  for  such    x     and  /> 

lP,a  3Pa  U^a 

U3^aW"-^3B(x,p)    P(*-5Hf(c)-f(x)]d^     ♦    C8f(x) 
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Clearly,  as  p  — >  0#  tf,^   and  U.    tend  uniformly  on  SR  to 

(1.5.15)      U3a(x)  •  Ca  f  (x)  ,   UUa  -  /B   pa(x-€)[ffe)-f(x)]dg 

2R 

Thus,  tht  formulas  (1»5.8)  fallow  and  the  second  inequality  in  (1.5.9)  follows 

immediately* 

To  complete  the  proof  of  the  first  inequality  in  (1«5»9)>  we  note  first 

that 

(1.5.16)       !<Wx)-V(x)  I  i  VVf }/°  ^  '    x  e  B-    '    ° <  f <  R  * 

But  now,  if  x,  x.,  x.  e   BR  ,  we  obtain 

(1.5.17)         l^a^Hoa^l    2%\(*Y        ifIVXll,/J 

From  (1.5.15),   (1.5.16),  and  (1.5.17),  we  obtain 

VV- c5Vf)    '    VV-c6Vf)'    VfV-c7Vf)' 

The  result  f oIIotats  from  this  and   (1.5.114)   . 


,o   ,-r 


COHQLlAiff:     Suppose     f  e    C     (BR)  and     7     is   its  potential.      Then 


V  e  C2(Bj     and 
\k     R      


(1.5.18)  A7(x)     «    f  (x),     x  s  B     ,     h  (7^)     <    Ch  (f ) 


R  '       y.N¥     '    -        U 
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Proof :     It  remains  only  to  show  that     AV  ■  f.     From  (1.U.3)  and  (1.5.8), 


we  conclude   that 


V(x) "  7g  V(x"°f(^ 


(1.5.19)  AV(x)  -    !t.C0aaf(x)   +/B.    AKo(x^)[ffe)-f(x)]d^     , 


a=l  R 


(1.5.20)  Coaa    =     ♦£B(0.i)  K0)a(y)yadS(y) 


Since     AK  (y)   a  0  if  y  /  0,  the  integral  in  (1.5.19)  vanishes.     From  the  formulas 
(1.3.2)  for     K     ,  we  see  that 

^Coaa     ■    4b(0,1)    C,     H      #    M^M   "  1     • 


EXCISE 

1.  Prove  Theorem  1.5.3. 

2.  Prove  that  if     f     satisfies  a     Dini  condition 
IfCxgM&x)!  -  (JPC  |x2-X;L  I )     ,  lim^  <p(p)  -  0  , 

fQ2K  f1  &£)<!£    <  co    ,  Xp  x2  £   BR       , 

then     U  6  C»     on     B,  if     U     is  defined  by     (1.5.1)   . 

ft 

1.6.  The  maximum  principle  for  elliptic  equations  of  the  second  order. 
3y  combining  the  results  of  §§  1.5  and  1.6,  we  conclude  the  following  theorem: 


r 


THECLtEM  1.6.1:     Suppose     f  e    C°     on    EL  and       u""'  is  continuous .  on   dB^. 

— — — — -  jjt      — -        ft  — —  '  K 

en  there  is  a  unique  function    u    which  is  continuous  on    IL,  coincides  with 
u*    on   ^Bp  5     g  C   "^(B  )  for  each  r  <  R,  and  satisfies  Poisson's  equation 


Au(x)  •  f  (x)     ,     x   £  BR   • 

Proof  t   For,  we  may  let  u  •  U  ♦  H  where  U  is  the  potential  of  f  and  H  is 
that  harmonic  function  which  coincides  with  u*-U  on   BR. 

In  Chapter  III,  we  shall  discuss  the  existence  theory  and  differentiability 
properties  for  the  solutions  of  general  elliptic  equations  of  the  second  order! 


(1.6.1)      aaP(x)u  .(x)  *bau  „  ♦ 


sa 


cu 


We  conclude  this  chapter  with  a  proof  due  to  £•  Hopf  [     ]     of  the  maximum 
principle  for  equations  of  the  form  (1.6.1)  in  which 

(1.6.2)  c(x)  e  0  ,        f(x)  >0  ,      x  £    G. 

THEOREM  1.6.2:     Suppose     u  <  G2(G),  aa%  ba,  c,  f  fc  C°(G),  0     and    f 

satisfy  (1.6.2),  u     is  a  solution  of   (1.6.1),  x  £.  G,  and     u     takes  on  its 

maximum  value  at    x     •     Then  u(x)   ■  u(x  )  for  all    x    on  the  domain    G. 
o         o    ' 

Proof:     Suppose  u(x)  £  U(XQ)  *  M»     ^ien  ^e  set  where  u(x)  <  M  is  open< 

There  is  a     sphere     B(x2,R)C  G  such  that  u(x)  <  M  for  x  £  B(x2,R)  -  fx^?  , 

where  x-,  t.  2B(x2,R)  and  u(x,)  ■  M.     Finally,  there  is  a  sphere    bTxTJrJ  C~  G 

with  1^  <  R.     Let    S±  «  B(x2,R)    H   B(x-,R)     and    Sg  *3B(x-,R)  -  B(xJJrJ  , 

so  that  S.U  Sg     «     3B(x1,R-).     Then 

u(x)  <  M  -  fl,       on  S .       and  u(x)  <  M    on  S 
^  x  ■•  e 

for  some  8.  >  0. 

Nowf  let 

2  2 

h(x)  •  *"**  -e~YR        ,  r  -   |x  -Xgl 


a3fl  4-  bS 


Letting     L^P    stand  for    a   rU> a    *  b  *jP  a 


* 


we  see  that 
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e^Lh     =     Ur2aa^(Xa-x20)(x^-xf)   -2r[a°^8     +ba(xQ-x2a)]    . 

We  can  choose     y    so  large  that     Lh(x)  >  0  in     E(x,,TL  ).     Finally 

(1.6.3)  h(x)   <0     onSe  ,         h(x1)   »  0. 

Let 

(1.6.U)       v(x)  =  u(x)   +  6h(x)   ,         6  >  0, 

where  5  is  snail  enough  so  that  v(x)  <  M  on  3..  From  (1.6.3),  we  see  that 
v(x)  <  M  on  5b(x,,R-.),  v(x, )  »  M  so  that  v  has  a  maximum  at  a  point  x-^  in 
P(x1,R1)  while  L(v)   >  0  there. 

But  this  would  imply  that   (since  all     v     (x.,)   »  0   ) 
(1.6.5)       aC^(x3)v     .(x3)  >0  but    ^^^TH        <°     for  all  7j    • 

Now,  we  iJiay  define  new  variables     y     by  the  rotation 

r  -c;  (x  -x3)  ,     k'  -c^« 

where  the  matrix     c     is  chosen  so  that  c     a(xOc   *    a(0)  is  diagonal.      Ihen 
(1.6.5)  is  equivalent  to 

(x.6.6)     i    ;-(0)       (0)>0but        (0)^a<oforalls 

where  all  the  a""  >  0«  But  the  first  inequality  in  (1.6.6)  implies  that 
some  one  w   (0)  >  0  which  contradicts  the  second. 

CGROLLAHI:  If  u  and  the  coefficients  satisfy  the  conditions  of 
Theorem  1.6.2  except  that  we  require  c(x)  <  0,  then  u  cannot  have  a  positive 
maximum*  If,  also,  f (x)  ■  0,  then  u  has  neither  a  positive  maximum  nor  a 
negative  minimum. 


CHAPTER  2 
THE  SPACES     h"1    AND     H™ 

P  po 

2*1     The  spaces     H      and     a ~   •       In  this  section,  we  define  these 

i p  — — .   po  ' 

spaces  and  prove  a  few  theorems  concerning  then. 

A 

DEFINITION     2.1.1   :     Given  a  function    u    which  is  locally  summable  on 

a  domain     G,  we  define  the     G-Schwartz  distribution     L      corresponding  to     u 
by  the  equation 

(2.1.1)  Lu(g)  -    /G  u(x)g(x)dx  gtC0O(0) 

We  say  that  a  G-Schwartz  distribution  gj&  &£   it  corresponds  in  the  sense 

above  to  a  function  u  in  L  (G)» 

P 

DEFINITION  2.1.2:     Given  a  G-Schwartz  distribution     L,  we  define  its 
partial  derivative     D  L(a  a  single  index)  with  respect  to    x      by  the  usual 
equation 

(2.1.2)  (DaL)(g)     -     L(-g,a)     5 

The  higher  partial  derivatives  of  L  are  defined  by  induction  or  by  the 
equation 

(2.1.3)  (DcL)(g)  -  LU-D^D^]        (a-oL...aJ. 


DEFINITION  2,1.3:     A  function    u    is  of  class     h"1    on  0    if f  ugL  (G) 

and  all  the  partial  derivatives   of  order  <  m  of  its  corresponding  G-£chwartz 

distribution    6-  L  .     The  function  corresponding  to  the  derivative    D  L     • 

p  r  &  a  u  ' 

a  »  a,    ...   a      where     0  <  n  <  m.  is  denoted  by    D  u  or  u      and  is  called  the 
in  —      —     '  *       a  ,a 

corresponding  distribution  derivative  of     u  ;     we  make  the  convention  that 

D  u  *  u  if    I  cl  I  »  0. 

a  ■    ' 
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REMARKS:     It  is  clear  that  if     u     is  ox   class     H371     on  G«  its  distribution 

P     ' 

derivatives  are  determined  only  up  to  additive  null  functions;  moreover  if  u* 

differs  from  u  by  a  null  function,  then  u*  is  also  of  class  a     on  G  and 

u  '  p 

has  the  same  distribution  derivatives.   The  definitions  above  extend  to  vector 

functions. 
I 
J  THEOREM  2.1.1:  The  space  Hm(G)  of  classes  of  equivalent  vector  functions 

of  cljass  Yl       on  G  with  norm  defined  by 
~ — I P  — 


(2.1.1)         Hull"    «      foZ        Z,      iD/lV^dxl1/?         (u^,..,uN) 

p    (  ^  i-i  o<TS|,5i  a       J 

is  a  Banach  space.  If  p  ■  2,  the  space  is  a  Hilbert  space  if  we  define 

(2.i.5)        <u,v)£  .  /   y   t         uW  dx 

i«=l  o<  o  <ta  a   a 


Proof:     The  only  property  requiring  proof  is  the  completeness.     So 

suppose   f  u  j  is  a  Cauchy  sequence  in    IT1  ,     Then  each  of  the  sequences     D  u     , 
l    nj  p  on 

with    0 < | a | <m,  is  a  Cauchy  sequence  in     L  (G)  and  so  converges  in     L  (G)  to 
some  vector  function     (£    (•  u  if    |a|   »  0).       But,  for  each     a    with' 0<|a|jja  , 
it  follows  that 


U->oo  DA  <«>  -  DaV^  ,  g  fc  C*  (0) 


so  that  the  CP   are  the  corresponding  distribution  derivatives  of  u. 

HEM&KKSs  It  will  be  convenient  to  call  these  elements  of  a      functions 

P 

and  to  say  that  u  is  continuous,  harmonic,  etc.,  iff  some  representative  of 
the  class  forming  the  element  has  these  properties. 
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THEOREM  2.1.2:    (a)   If     u  t.H^G)  and    DcG,  then    ufcH^D). 

(b)  If  u^C™"1  (i.e.  ue  Cm  with  all  the  D  u  Lipschitz  with  0<|a|<fe-l) 

on  each  domain  DCcG  and  if     u    and  its  partial  derivatives  of  order    <    m 

all  feL  (G)  then  u  ^H^G). 
p        P 

(c)  If     u£Hm    on  each  domain    DCCG    affi  if  all  the  D  u  ,  with 
0<|a|<m,    jL(G),   then    u  t  Hm(G). 

(d)  If     ue.H^(G),  g  cCn*"    on  G,  and     g    has  compact  support  on    G,  then 

(2.1.6)  /Q  (-1)  la'g^a(x)u(x)dx  -  /G  g(x)u^a(x)dx  ,  0  <  |a|  <  m 

For  (a),   (b),  and  (c)  are  obvious  and  (d)  follows  from  the  definition 
of  distribution  derivative   (def •  2.1.2)  by  a  straightforward  approximation 
(of  the  function    g). 

DEFINITION  2.1.U:     A  function     (Pisa  (Friedricha)  mollifier  iff 
/\(<#  C  B(0,1),    (p€  C03   everywhere  and 

(2.1.7)  4(0,1)  fM**  ■   /Ef (x)dx  "  X  • 

Suppose  (p  is  a  given  mollifier,  u  is  locally  summable  on  G,  and  P  >  0. 
We  define  the  <£  ^mollified  function  u*  by 

(2.1.8)  u^x)  -^/Q  Lfilp-H^M&dz  ,  xe  Gf 

LEMMA    2.1.1:     Suppose   (D    is  any  mollifier a  u£  L  (G),  and    M*     is 
defined  by  (2.1.8).     Then    u-(x)  — >  u(x)     almost  everywhere  and  Ujtf*— >u    in 
L      on  each    DccG  as  P — >  0.     For  each    C>  0,  u^£  C°°  (G^)  and  its  partial 
derivatives  are  obtained  by  differentiating  under  the  integral  signt 
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£&o  'B(Xjf0)  '"1  ^(xjp)  |u(^}  "  u(x)  ^    B  °' 


Proof:  For  almost  every  x, 
im  |E(x,P)!~ 

P 

For  any  such  x, 

(2.1.9)  |up(x)-n(x)|  -  \o     /B(x  .j^Wl'lufeWx)]^  I  — >  0- 

Next,  suppose     DccG.      Ihen  we  may  find  a  domain     A  3     DCCAccG    and 

a  sequence    Vv    <    of  continuous  functions  on     A    such  that    v    — >u  in  L  (&)• 
-   n  ■  n  p 

Now,  from  (2.1.8),  we  obtain 

*\ 

(2.1.10)  |v     (x)  -  u Jx)  |   <Kp~    73(       )|vn^)  -ufe)|d^     ,     x6D,  B(x^)c4. 

Applying  the  Holder  inequality  to  the  right  side  of    (2.1.10)  and  then  integrating 
over     D,  assuming     D  C  A  p  ,  xve  obtain 

(2.1.11)  /  |v     (x)-up(x)  |pdx  <  K1  /Jvn(?)-u(C)  |Pd£ 

r 

Hence,  if     DCAtf  ,  and  <t  >  0,  we  first  choose  an    n    so  large  that    ||  v  -u||    <  6/3 
and    |(v    -U^IL  <    £/3*  the  norm  being  that  in  L  (D).     For  that    n    we  can  choose 
a  6  >  0  so  small  that      |[v       -v    ||°    <  €/3  for  all  f>  with  0  <  P<  6  (since  v  p 
tends  uniformly  to  v     on  D).     For  such  P>      ||u«~  ujj       <  €.     The  last 
statement  follows  from  the  convergence  theorems  for  the  Lebesgue  integral. 

THEOREM  2.1.3:     Suppose     u^Hm(G)  and  Up  is  defined  by  (2.1.8),  (Z) being 
a  given  mollifier.     Then    Up — >  u  in     H^D)  for  each  DCCG    and 


2.1.12)  fix)  -  Dayx)     if/>a-u<0      „ 


1  <  I  a  I  <  m. 


Proof:  If  B(x,p)  C.0>  'the  function  e   defined  on  G  by 
^,(5)  «|C 'iPlf1^-*)] 


£,C     (G).     Hence,  using     Lemma  2*  1*1  and  the  definitions,  we  see  that 

Dauf  (x)  -  /G(-l)  |a|Da(e)gx  («)u(5)d? 

•/Ggxffe)Dau(0<i5-^(x)     . 

The  remaining  statements  follow  from  Lemma  2.1.1. 

REMARK:  It  is  not  known  (  and  the  writer  believes  it  is  not  true)  that 

a  function  u£.Ii   on  a  domain  G  with  sufficiently  wild  boundary  can  be 

P 

approximated  over  the  whole  of  G  by  functions  of  class  C   on  a  domain  containing 
G0  3G.  We  shall  prove  this,  however,  for  domains  G  of  class  C  in  Section  2«4u 

The  following  theorem  is  an  immediate  consequence  of  Theorems  2.1.1, 
2.1,2  b  and  c,  and  2,1.3  and  the  details  of  its  proof  are  left  to  the  reader. 

THEORY  2.1.U:  (a)  If  uU^fG)  arid  %  id^fc)   and  £  and  its  derivatives 

are  bounded  on  G,  then  £u  '-H  (G)  and  its  derivatives  are  obtained  from  those 
»  *  p*   

of  £  and  u  by  their  usual  formulas. 

(b)  If  x  =  x(y)  is  a  regular  (all  derivatives  bounded)  transformation 
of  class  C  from  H  onto  G,  u  6  n  (G),  and  v(y)  »  u[x(y)]  for  y  on  H,  then 
v   H  (H)  and  the  derivatives  of  v  are  related  to  those  of  u  by  the  usual 

■      p^     '       i -j£ 

laws  of  the  Calculus. 

DEFINITION  2.1.5:  A  function  u£Hm(G)  is  said  to  £  H1*  (G)  iff  3  a 
sequence    JUL?  »  each  u  £C     (G)   ,  such  that  u  — >u  in  H^(G). 

THEOREM  2.1.5(Poincare»s  inequality):     If  uGH^fG)  and  GcB(x  ,R),  then 

— -  pu         — —  O  '""' 

(2.1.13)      /Q l7ku(X)  |pdx  <    pkH,R(,,Hk)p/  |  vVx)  lPdx    ,        0  <  k  <  m  . 
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Proof:     We  shall  prove  this  for  m*l,.k«Oj   the  general  result  follows 

in  W*  th**1c 

easily  by  induction,   since  if  ue  n   (G),    y  usH       (G). 

From  Definition  2»1.5,  it  suffices   to  prove  the  theorem  in  the  case  that 

u  6  C  [B(x  ,R)]«     Taking  polar  coordinates   (r,£)     (£  onc^Ojl))  with  pole 

at  x    and  setting  v(r,£)  =*  u(x     +  r£)j  we  obtain 

(2.1.1U)         /       |v(r^)  pd^fe)  -  /_>(**)  -  v(R^)  P^ZM 
£-  2- 

<  (R-r)^1  /  /     |v     (s,^)  pdrdJFfc) 

using  the  Holder  inequality.      Ihe  result  (2,1.13)  follows  for  m«l,  k=0  from 
(2.1.1)4)  and  the  fact  that 


COROLLARY:      Ihe  space     H™q(G0     is  a  closed  linear  subs  pace  of     ^(G) 
and 5  if     G     is  bound edj  the  norm   |(u||  n    defined  by 

(2.1.15)  II  u  ||™0     -      f/G   I  AW  |Pdx  ]  ^ 

is  topologically  equivalent  to  the  norm     ||  u||      for  u  on  hJ^G).     If  p  «  2* 


p  -  ^  -po 


the  inner  product  may  be  taken  on  Hpn  to  be 


N 


(2.1.1  )     (u,v)£  -  /   *T    T      u  (x)v  (x)  dx    (u  o  uX,...,uN,  etc.) 

i=l  ja|=siji  *     * 


EXERCISE 
Prove  Theorem  2.I.U. 
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2,2,     The  Dirichlet  problem  for  Laplace's  equation  with  generalized 

boundary  values .       In  this  section,  we  interrupt  our  study  of  the  spaces 
H      and    H  n     in  order  to  illustrate  their  use  in  the  existence  theory  for 
elliptic  differential  equations.     We  also  justify  Dirichlet fs   Principle, 

LEMMA,  2,2.1:     Suppose    f  L  L,  on  the  interval  [a,b]  of  PL  and  suppose 

that 

b 

(2.2.1)  /f  (x)g(x)dx  •  0 

for  all  g£.C®[a,b].  Then  f(x)  »0  almost  everywhere.  If  (2,2.1)  holds  only 
for  all  g£..C°°[a,b]  for  which 

'  W  ' mi  l    "  " "    -  l  "  ■ 

(2.2.2)  J^  g(x)dx  -  0, 

then  f (x)  *  a  constant  almost  everywhere. 

Proof;     In  the  first  case,  it  follows  by  approximations  that  (2,2.1)  holds 
for  all     g    which  are  bounded  and  measurable  on  [a,b].     Setting  g(x)asgn  f(x), 
(2.2.1)  implies  that 

y^|f(x)|dx«o. 

In  the  second  case,  let  gn  £  C     [a,b]  with 

JL  C 


./g^Md 


x  •  1. 


Then,   if     g     is  any  function  £  C     [a,b],  we  have 

c 

g(x)  -  g*(x)  +  g1(x)/abg(x)dx   ,    ^g*(x)dx  -0 

and,  of  course,  g*£  C°°[a,b].  The  second  result  follows, 

c 

THEOREM  2.2.1  (Dirichlet »s  Principle):     (a)  Suppose    ur  hJ(G)  and 
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(2.2.3)    /p  v  u  dx  «  0        (a  a  single  index) 

for  all  v^.C®  (G).  Then,  if  u*s.H*(G)  and  u*-u  £.  HJQ(G), 

(2.2.U)    D(u*,Q)  »D(u,G)  +  D(u-u*,G),      (D(*G)  -  /Q(  !^2dx) 

(b)   If  u£.H^(D)  for  each  DccG  and   (2.2.3)  holds  for  all  V£.C°°(G),   then 

u     is  harmonic  on     G. 

Proof ;     (a)  By  approximations,    (2.2.3)  holds  for  all  vt-H20(G).     Then 
(2.2.1;)  follows  by  taking  v  ■  u*  -  u. 

(b)     Suppose  B(x  ,a)  C  G,  suppose  0  <  £  <  a,  suppose (i^r)^CC0 
f  or  r  >  0  with  tftr)   =  0  f  or  r  >  a  and  UKv)  »  (0(0)  if     0  <  r  <  £    ,  and  let 

v(x)  =  (p(|x-xo|)     ,       X(r)  -  /_  u(xo+r£)d]T(£).         (T  «  3B(0,1)) 

jS 

Then    v£C     (G),  x6L,(J6.,a].     Integrating   (2.2.3)  by  parts,  we  obtain 

/GuAvdx  -  ^X(r)[|[;(r^-1y>,)]dr  -    ^X(r)^r)dr  -  0 

where  T^may  be  any  function  fc- C00  [t>a]  for  which  (2.2.2)  holds.  It  follows 

c 

from  Lemma  2.2.1  that  X(r)  a  a  constant  almost  everywhere  on  [?-,a]$  since  &. 
and     a  are  arbitrary,  this  holds  for  almost  all     r     on  [0,6(x  ,dG)].     Galling 
this  constant  K»u(x  ),  we  obtain  by  integration  that 

(2.2.5)  u(xQ)   -    |B(xQ,r)  fVB(x  >r)  u(x)dx         ,  B(xo,r)   £    G. 


o* 


By  letting  r  — >  0,  we  see  that  u(x  )   -  u(x  )  almost  everywhere.     Then  (2.2.5) 
holds  with     u     replaced  by    u  ,  so  that     u     is  harmonic  by  Theorem  1.2.3* 

•1 

THEOREM  2.2.2:     Suppose  that  u**.  Hg(G)  and  that     G     is  bounded. 
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Then  there  is  a  unique  function     u^Hp(G)-    such  that     u     is  harmonic   in     G     and 
u*  -  u  t  H^0(G). 

Proof:     Setting  u  ■  u*  +  U,  we  see  that  (2.2.3)  holds  iff 

(2.2.5)  /G7,aD,adx--^,*a?,adx 

■ 

Using  the  inner  product   (2.1.15)  with  m  =  1  on  H0_   ,    (2.2.5)  becomes 

(2.2.6)  (U,v)^Q   =  L(v)       ,         L(v)  -  -  /Q  u*av  adx     ,  v  £  H^Q 

where     L     is  clearly  a  conjugate-linear  functional.     From  Hilbert  space  theory, 
it  follows  that  there  is  a  unique     U     in  Hl?     such  that   (2.2.6)  holds.     Then    u 
satisfies    (2.2.3)  and  is   harmonic. 

2.3«  Further  theorems  concerning  the  spaces     ti     and     H'      • 

For  functions  in    H'   on  arbitrary  regions,  we  have  the  following  theorems: 

P 
THEOREM  2.3.1:    (a)     Suppose     u  :-H  "(G)  and  V(x)  -  u(x)  fflr  x^Gr  and  V(x)0 

elsewhere.      Then    V  hh   (E   )  and  VfcH'n (D)  for  any  open  set  D^G*     Moreover 

D  V(x)   *  D  u(x)   on  G  and  D  V(x)   =  0  for  X&.E  -  G     if  0  <  |a|   <  m  . 

[  (b')     Suppose  ugrf^G),  DcG,  vtHm(D),  v  -  u-c.Hm0(D),  U(x)  «  v(x)  on  D, 

and  U(x)  *  u(x)  on  G-D.      Then  U<LHm(G),   U  -  u^H^G),  and  DaU(x)   -  Dav(x)  on 


D     and  D  U(x)   -  D  u(x)   on  G-D  if  0  <     a     <  m. 

Proof:  (a)  follows  immediately  from  the  definitions  and  theorems  of  Section 
2.1.1.  If  we  define  V(x)  *  v(x)  -  u(x)  on  D  and  V(x)  ■  0  elsewhere,  then  the 
conclusions  of  part  (a)  hold  with  G  replaced  by  D.  But  then  U(x)  »  u(x)  +  V(x) 
on  G  so  the  results  in  (b)  follow. 
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THEOREM  2.3.2:     If     p  >  1,   the  most  general  linear  functional  in    H^G) 

has   the  form 

(2.3.1)  f (u)  ./Qr7  a£(x)u*  (x)dx 

1*1  0<  a  <m  * 


where  the     A.£  L  (G)  where  p"  +  q~  ■&•     If  p  «  1,  each  linear  functional  has  the 

Q, 

form  (2.3.1)  in  which  the  A.  are  bounded  and  measurable. 

Proof;  It  is  clear  that  any  expression  (2.3»1)  defines  a  linear  functional 
on  H  .  Conversely,  let  B   be  the  space  of  all  tensors  \ 0     4  where  each  (fi 


f    L  (G)  with  norm 
P 


iif"{^[k¥<iaiJPx)f]P/^} 


i/p 


Ihen,  from  Theorem  2.1.1,   it  follows  that  the  subspace     M    of  all  tensors    LP  where 

f»  u        and  ufcH'(G)  is  a  closed  linear  subrnanifold  of  B  •     If  we  define 
a        ,a  pv  p 

F,  M  ■  f  (u)  for  such  tensors  \D ,  we  have      ||  F  ]|   ■   ||f||  and  F-   can  be  extended 

(Hahn-Banach  Theorem,  see  £-A         )  to  a  linear  functional    F     over  B    with  the 

I same  norm.     But  any  linear  functional     F  on  B     has  the  form 

P 

T  ■/GiiiiaL<»lA"(x)ifi«(x)dx 

[where  the    A.     have  the  stated  properties. 

From  Theorem  2.3«2,  we  immediately  obtain: 

THEOREM  2.3*3:   (a)  A  necessary  and  sufficient  condition  that    u    convert 

-— —    '  ri.i  .  I,  n   ,    ,  i    ■■     ,v,  ■ 

weakly  to  u  (u  — ^  u)  in  It  (G)  is  that  each  component     u        of  u    gonverges 


yeakly  in  I^(G)   to  u  a» 


(b)£u    -^uin  H*(G)  then    u    -?uin  H*  (D)  for  DCO, 

*"  i'  **  r 


-liO- 


,m. 


(c)   If  u    — •?  u     in  K   (G),  G  and  H  are  bounded t  x  ■  x(y)  ia  a  regular 

transformation  of  class     G     from  H  onto  G,  v   (y)  «  u  [x(y)]  and     v(y)   •  u[x(y)], 


then  v  — ?  v  in  H  (H). 


m-1 


k(d)  If  u  — >  u  in  H^G),  ^£C,   (G)  and  all  the  D  £  with  0  <  lal  <  ra 


are  bounded  on  G.  then  £u  — 7  £u  in  n   (G)# 

n  — •    P 


(e)   If  p>l,  bounded  sets  in  a  (G)  are  conditionally  compact  with  respect 

to  weak  convergence  in  H  (G)» 

2.U»  Approximations;  boundary  values;  compactness* 

We  wish  now  to  prove  that  we  can  approximate  to  a  function  u£Hr(G)  over 
the  whole  of     G    by  functions     u      of  class     C     on  a  domain   Z>  G  ^2>G,  in  case 
G  is  of  class  0™  (see  Def •  1«1.     )•     We  shall  also  introduce  boundary  values  of 
such  functions  on  such  domains. 


LEMMA.  2.1i.l:  Suppose  f  fc  L  (G),  e     is  a  unit  vector t  DcG,  all  points 

x  +  he  with    xf  D     and  0<h<h    are  in  G,  and  fu(x)  ■  f  (x+he)  for  x  on  D  and 

0  <  h  <  h  .     Bien  f . — =»  f  in  L  (D)« 
o      h  pv 

Proof:  The   proof  is  like  that  of  Lemma  2.1.1:  Extend  f  to  be  zero  off  of 

G  and  approximate  to  it  in  L  (E)  by  continuous  functions  f  ,  each  having  compact 

support*  lhen 

[         'I  fnh*fh  Up  "  I'  fn  "  f  V  (norms  in  L  (E)) 

the  first  and  last  terms  may  be  made  <  £/3  by  choosing  a  large  n  and,  for  that 
n  f  the  middle  term  may  be  made  <  t/3  by  choosing  h  small  enough. 

THEOREM  2,U.l:  Suppose  u Slrf^G),  G  is  bounded  and  of  class  0*,  D  is  open, 


/ 


4a- 


and  Gc  D.  Then  there  exist  a  constant  C  »  C(G,D,m,p)  and  a  function  U£  rf^D) 


m       „ it  .     urn 


with  support  interior  to  D  such  that    ||  U|l  D  <  C  ||  u  ||  _     and  U(x)   =  u(x)  for  x  £,  G 

Proof ;  There  is  a  partition  of  unity  on  G  •  G  G  by  functions  £  , 
1  <  s  <  S,  each  of  class  (f1  on  G  with  support  either  interior  to  G  or  in  a 
boundary  neighborhood    N  C  D,  where     N       is  the  image  of  B(0,1)  under  a  regular 

S  5 


transformation  V:  x  •  x  (y)  of  class  C  in  which  x _(0)ff^G,^i  corresponds  to 

S  S  S  J- 

oQf\H     ,  and  G,    corresponds  to  G/ON     (see  §§  1.1  and  A.     ).     Let  u     »  £  u. 
S  J.  s  s  s 

Then  u  =  u,    +  .  ..+Uc   •     If  /^(£  )Og>  "then  u     ■  0  near  *^G  and  it  is  easy  to 
see  by  approximating  by  mollifiers,  etc.,  that  each  such    u    c     Ii\(G)  and 
may  be  extended  to     D  as  in  Theorem  2,3.1. 

So,  suppose    A(£  )ON     }  a  boundary  neighborhood.     Let  v  (y)  ■  u  [x  (y)]. 

s  s  3  s     s 

Then  v  gH^GL)  and  v  (y)  ■  0  near  9G,fl  3b(0,1).     If  we  extend  v  (y)  to  be  0 

for  y    >  0  outside  G. ,  we  see  that    v  fc_n  (E^).     We  shall  show  how  to  extend 

v    to  Z  ^[13(0,1)]  and  to  vanish  nearBB(0,l).     Then,  if  we  extend     u    to 

G  ON    to  be  0  on  D  -  N    and  to  bo  the  transform  of  the  extended  function  v    on 
s  s  s 

N  .     We  shall  hereafter  drop  the  subscript     s. 

-1  T^' 

If  we  define  wn(y)  ■  v(y+n    e_*),  e    being  the  unit  vector  in  the  y 

direction,  vjg   see  from  Theorem  2.1.U  and  Lemma  2.U.1  that  w  — >  v  in  n  (E  ) 

n  p 

and  each    w    vanishes  near  30^036(0,1).     For  each    n,  the  functions    w     (y)  • 

—1  »1  J.        m  jfl      + 

v  (y+n"  e^  with  P»  n"  (q+1)     £.C     (E)  and  converge  to  w     in  PT(E  )  as  q  — >  00 

by  Theorem  2.1.3.     So,  if  we   choose  v     «*  w  ,  for  a     sufficiently  large,  we 

n    n^a  *     *n  » 

see  that  each  v  <r,  u  for  y^>  0  and  v  — >  v  in  n  (E  )  and  v  vanishes  near 

nr  *    —  n  P  n 

3g/1Bb(0,1).     If ,  now,  we  define 

m+1  2'         m\  J 

(2.U.1)  vn(y  ,y^)  -  7Cpvn(-pyV,^)     ;  for  yY<  0,  where 

*)  *"his  device  is  due  to  J.  L.  fclges,  see  [      ]  and 


-1.2- 

m+1  , 

£_     (-P) q     C        -1   ,  q  -  1,...,  m+1 

p=l  P 

we   sea  that  each     v  <L  C™     on  E,    ^(v  )C.B(0,1),   and  that    ||  \Cr-     <  C(m,V).  IvJPq 

independently  of  n,   so  that  the  v     — >  v  in  K         on  B(O.l)  where  v(y)   is  defined 

9  n  po  ' 

for  yf  <  0  by  (2.U.1);  here   G  -  G1  and  G%  3(0,1)^-^!,. 

Having  extended  u  to   sH  (D)   and  to  have   support  in  D,  we  may  approximate 

p 

to  u  on  U  by  the  mollified  functions  up  • 

LEMMA  2..U.2:     Suppose  uMf(D),   GlCD2/)     >  °  <^  <  #>>    fP  is  a  mollifier, 
and     Up    is  they-mollified  function  of  u.     Then 

(2.U.2)       li  y  -  "llpc1   <  cfi|u!lm  '     c  =  c(i>»^p.f) 

Proof ;       By  using  the   functions  u  ,  we  may  approximate  u  in  lr(Qp)  by 

'  P  k 

functions  £.0  X(G     ).     Hence  we  may  assume  that  u     u  (G/>).     Then,  let  v  =  g  u 


for     0  <  k  <  m-1.     Then 

Iv^m-vm  i  =  l^/B(0)r)  (*(^)[/0Vo;a(x*««)dt)<%i 

where  K  *  K(V,$.     By  integrating  (2.k.3)   over  G,  we   obtain 

i^>  -  7ku||^G  <  Kp  J7k+1u   £,     ,         k  .  0,   ...,  m-1 

from  which  the  result  follows, 

THEOREM  2.U.2:     If  G  is  bounded  and  of  class  C1",  then  bounded  subsets  of 
H  (G)  are  conditionally  compact  as  subsets  of  Pi"  (G).     If  u    — ■ 7  u  in  R^fG), 

p  -    .,  ^ i P      •  n  P 

then  u    — ->  u  in  rf^G). 
n  —    P 


-'j3- 

Proof:  Let  iu  1  be  a  bounded  sequence  in  H  (G).  Using  Theorem  2.1ul, 

we  may  extend  each  u  to  an  ooen  set  Dj>G  so  that  the  extended  sequence  is 

n  -  n 

hounded  in  H  (D).     Let  ^ be  a  mollifler,    suopose  GC  D^         and  0  <  &<  O 
P  I  f'o   '  [      \  o 

Then  from  Lerana  2.U.2,  we    conclude  that 
(2.h.U)  ■       II  u       -u    fr1       <     Mi 


u      -u      .       <    np 
np      n"pG        -       f 
i 

First,  let  us   suppose  that  p  >  1.     Thenj  a  subsequence,   still   called  Su   <j  > 

such  that  u    — -?  u  in  flr(D).     It  follows  from  the  formula  (2,1.8)  for  u      and  utf 

and  the  weak  convergence  that  D  u       converses  uniformly  to  D  u„  on  G  ,  for 

tJ  a  no  a  r  ' 

TO  n 
0  <   | ex  j   <  m-1.     Then,  taking  norms  on  h  "  (G),  we  obtain 

(2.1..5)  »  un-u||    <     ||  Vunf||  ♦  ||  n    -uJ|  *  ||  vp-  u 


<  21^  +   ||u    -  y 

using  (2.U.U) •     The  result  follows  easily.     If  d  *  1,  all  the  D  u       are 

a  np 

e qui continuous  and  uniformly  bounded  so  that  a  subsequence,   still   called    j  u   4 
exists  so  tliat  the  D  «       converge  uniformly  to  some   functions  ^fa0^OT  each 
of  a  sequence  of  D — >  0.     Since   (2.1-uU)   still  holds  the   sequences  iff     ~  form 
a  Cauchy  sequence  in  L   (G)  and  so  tend  to  limit  functions  <P    in  L   (G).     If  we 
set  u  *  (P  when    lal   ■  0.  then  we   see  that  u«Ln"  (&)*V     ■■  u         «    U?    *  u 
and   (2.U.U)   holds  for     u^   and  u.     The  result  again  follows,  but  now,  we  do 
not  know  that  u«  KH.     However,   if  u    — 7  u  in  K.    ,  then  this  u  must  be  the   same 
as  the  preceding  one, 

THEOREM  2.U.3:     If    G     is  bounded  and  of  class  (f1,  there  are  bounded  linear 

mappings     3       for  0  <   |a|<  m-1  of  rf^G)   into  L     ©G)   such  that  B  u  is  the 

restriction  of  D  u  toBG    whenever  u*  Cm(G).     If  u  —  u  in'rf^G),  then  B  u — >B  u 
■ a     —  *"     v  —    n  — -  _p       '  — ' —    a^n        a 

in  L   (£G)  if  0<|a|<n-JL,     If  p  >  1,  the  mappings  are  compact. 


z^ 
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proo:        in  order  to  prove  the  first  statement,   it  is  sufficient  to  show 
that  if     ut  Cm(~),   then 

(2*2u6)  A,  lrku|PdS     <    C(^m,p,G)(  ||  u  II™  )p  0  <  k  <  m«l 

In  order  to  do  this,  let  'C,>   •  #.,ii     be  a  partition  of  unity  as   in  the  proof  of 


Theorem  2„Iul}   let     u     ~  £  u,  and  let  v     be  the   transform  of  u     under     i* 
7  s         s   '  s  s  s 


whenever  the  support  of     £,      is   in  a  boundary  neighborhood.      Then    ||  v    II       < 
C1 1|  u  ||  ™        and 

£,  y\  pdS     <  C^cjt   |  V  Jvs  (0,y I )  IV  <  C/Q    |7k+1vs  (y)  |Pdy 

<Cu(!|u|pP       ,  0  <k<m~l 

since  ^7  v  vanishes  on  and  near  3G-f)£B,  •  Thus  (2«iu6)  follows* 

Next,  suppose  that  u  — ;u  in  II  (G)#  Using  the  result  above,  we  may 

n        p 

assume  that  each  u  fc  C*  (G),   Then,  for  each  s,  u   — 7  u  in  II  (G)  and 

n  *  *   ns     s     p 

v  — ;  v  in  H  4(G.,  )  (Theorem  2,3.3)  so  that  v  — $  v  in  H   (G-.).  Moreover, 
ns  '  s    p  ly  ns  '  s    p    1  ' 

we  see  that 

(2.U.7)  ^   IVk%(y^)  -^V(0^|Pdyv       *  0<k<m-l 

1  ^  P— 50 

since  in  the  case  p  *  1,  the  weak  convergence  implies  the  uniform  absolute 

continuity  of  the  integral  of    Ig'v      L     Since  v      — >v     in  H1""   (G, ),   each 

J  &  '       ns  '  ns  s  p     v  1" 


vanishing  near     >    .  ,   it  follows   that    \7  v      — >  c?  v     in  L  (<T, )  for  almost  all  yV 

■"—1  '  v  ns     "  s     pv  1'  a 


k 


Using  (2,lu7)  it  follows  that  the  sequences  r;V  (O.y')  are  Cauchy  sequences 

«.  *  ns    »• 

in  L  (oO  so  that  y?  u  are  Cauchy  sequences  in  L  (dG).  Since  this  holds  for  any 
sequence  u  'f   u  -?u  in  ff^(G),  the  limit  functions  being  the  same,  we  see  that 


V  u  — >  7  u  in  L  (tfG)  for  0  <  k  <  m-l«  If  p  >  1  and  \   u  /is  any  bounded 

sequence  in  H  (G),  a  subsequence  converges  weakly  in  H  (G)  to  some  u, 
P  P 

2«5   .amples;  continuity;  some  Sobolev  lemmas.  As  was  pointed  out  in  the 
introduction  (£2©l)j  the  functions  in  H  (G)  have  been  studied  from  many  different 

p 

points  of  view  by  many  writers,   tfe  shall  not  go  deeply  into  real  variable 
p:  coerties  of  these  functions  here  but  will  merely  give  a  few  examples  to 
indicate  the  generality  of  the  functions  allowed  and  then  shall  prove  some 
Sobolev-type  lemmas  which  will  indicate  when  such  functions  are  continuous  or 

have  several  continuous  derivatives* 


It  is  easy  to  verify  that  the  function  f  defined  by 
(2.5.1)   f(x)  =  |xfh  e.  Hm  on  B(0,1)  iff  (h+m)-p  <  V . 

From  this,  it  can  ea>_:ly  be  shown  that  any  function  f  defined  by 

f(x)  -/  |x^rhd*i(e J  >  (h-tti)-p  < -V  , 

where  G  is  bounded  and  (i  is  a  finite  measure  on  G,  £H  on  any  bounded  domain  D, 

P 

(2.5.1)  shows  also  that,  for  a  given  m  and  p,  the  wildness  of  functions  of 
class  H  increases  with  the  dimension  "0  •  We  now  prove  a  Sobolev -type  lemma 
guaranteeing  continuity, 

THEOR'd-M  2,5,1:     Suppose  ufch  (G)  where  G  is   bounded  and  of  class  C     or 
is  c.  r.vcx  and  m  >V/p.      Then  u  is  continuous   on  G  and  there  is  a  constant  C(V,m,p,G) 
such  that 

(2.5.2)  |u(x)|  <C-|s|'l/Prr     $  ||^u||°    ♦  u^/p)-1  g^  ||(A||g. 

If  G  is  convex,  we  may  take  C  *  lj  u  may  be  a  vector  function. 


Froof :     If  G  is  of  class  C     ,  u  may  be  extended  to^.EH  (D)  where  D  is  a 
given  open  set  o  G  with    ||  u||  _    <  C,  ("v>  m,p,G,D)  [|  u|l  „  and  then  may  be  extended 
to  be  0  outside  D.  So,  by  allowing  a  factor  C,  we  may  replace     G    by  its  convex 
cover*     Since  u  may  be  approximated  in  H  (Gp)  by  functions  £  C  ,  for  each/JX), 
we  may  assume  G  =»  Gp   and  u£C   (G)  and  then  let  Q  — >  0  in  (2,5.2). 


By  expanding  in  a  Taylor  series  with  remainder  about  each  y  in  G  and  then 

integrating  with  respect  to  y  over  G,  we  obtain  (for  notation,  see  §  ) 

m-1  n  .  . 

I  |G|«u(x)  =    JjT     (jS)"J-(-l)VG7^(y)e(y-x)Jdy 


4(-i)m[  M)irV-l[/G  A[*+b(y-*)]*  (y-x)mdy]dt 


The  inequality  follows  by  applying  the  H6lder  inequality  to  each  term,  first 
setting  z  -  x  +  t(y-x)  to  handle  the  last  integral;  when  this  is  done  the  last 
integral  is  dominated  by 

I    .      [^/C^)f]«^t*^'y[/Qfet)|^u(B3jte]«, 

I 

where  G'(x,t)  consisits  of  all  z«x+t(y-x)  for  y'i  G  and    |G(x,t) |  =  t    |g|. 

This  shows,  for  example,  that  if  ul-.H  (G)  with  p  >~f,  then  u  is  continuous. 
We  now  present  a  "Dirichlet  growth"  theorem  guaranteeing  continuity  (cf [     ])* 

THEOREM  3.5.2:     Suppose     uffi[B(x  ,R)3,  1  <p  <V*  and  suppose 

(2.5.U)  /Bfcp)  |  u|pdx  <  LP(r/5)v""P+Ptl     ,  0<  r<  6  -  R-|X-*o|,     0  <  y.  <  1 

£Hl_every  x<r_  B(x  ,R).     Then    ubC°[B(x  ,r)j  for  each  r  <  R  and 
2-W)  |ufe)-u(x)  I   <  CL61" '^p(  k-*\/6f    for    fe-x|   <  6/2,  C  *  C(y,P,n). 


Ji7- 


let 


Proof :     By  approximations,  we  may  assume  utC   (BR)»     Let  x  and  4  b#  given, 


p  »    |£«x|/2,  and  x  «  (g  +x)/2»     For  each  7]  c.  B(x,p)   ,  we  observe  that 
u(n)  -  ufe)  -  (rja-  ^Vq1  u  aU+  t&K)]dt 
M^-ufe )  |  <  2 p^1    |^u[g  +bGfc )  |dt 
Averaging  over  ^(x^p),  we  obtain 
(2c5.6)  |B(x,p)  I""1  /B(j     }  kWmfe)  |dtj  <  2^|B^,^>rVB(^  ,jyJfcu[gH(^)]|«h 

Interchanging  the  order  of  integration,   setting  y  *  F+tO}»^)  and  noting  that  y 
ranges  over  B(x,,tp)  where  x,    ■   (l~t)^   +  tx    which  is  at  a  distance  6  >6-2P+t  £  >  6/£ 
and  using   (2.^«U)  and  the  Holder  inequality  to  obtain 

(2'5'7)  ^B(x,tp)^u(5r)ld5r^ClL(S/2)1'1"'1>/P(t/",1+*1     '     VC("*p) 

t>  f  f 

we  see  that  the  right  side  of   (2«£«6) 

(2.5.8)         <  ZcjL-\<.6/Z)X-»-~*p  f*-1^  t^dji    ,  C2-C2(V,p) 

Using  the  same  result  for  the  average  of    |u('ft)  -  u(x)  |,  we  obtain  the  result. 

We  now  prove  ^nether  Sobolev  Lemma: 

Then    u^L  (2..,),  where  r  =  Vp/(V~p)   ,  and 


THEOREM  2.5.3:     Suppose     ueh"(EJ  with  1<5><^  and  has  compact  support « 


(2.5.9)       ||  u||=  <  t  ^<  ||  u>a|£  ^  <  -^t  Hv-ull*    ,  1  <  p  <V,  t-p(V-l)/bM 

Proof:   It  is  sufficient  to  prove  this  for  u;^ C   (Ej«     The  case  where  p>l 
can  be  proved  by  applying  the  inequality  (2.5»°)  for  p»l  to  the  function  v  defined 


4i8-  u- 

by 

t(x)  •  Ju(x) I* 


.',  if  this  is  done,  we  obtain 


-,0   vS/v 


(2^.10)         /|u(x)  |xdx  «  /|v(x)  f  dx     <      T|    ( ||  v      !|?  y 

I  _<  ,s( II  „£»&*>*  J( ,  u>J|o  )S/v  ^  (s=  ,/(v,_x)  ) 

since  r  =  p(t~l)/(p~l).      The  first  result  in   (2.5«,9)  follows   easily  since 

r  -  [rs(p-l)/p]   «  s 

and   the  second  result  follows   from  an  elementary  inequality. 

.le  shall  prove  the  inequality  for  p=l  and  '■■■'-  3$  the  proof  f  or^  =  2  orV>  3 
is  similar.     Clearly 

|u(x,7,»)  I   <  /^  l»;1(»!)  Id5/_S  |uj2k»k«f )  l^/_S  lu,3(x--y>«  ld* 

Thus 

|u(x,yj2)|3/2<(  /_£  |n  ^y^M;)1^/  »  |u  2(xA,2)|d^1/2 

(/^|u^3(xjy,S)|dd1/2 

Integrating  first  with  respect  to  x  then  y3  and  using  the  Schwarz  inequality, 


we  obtain 

co 


/  ®  |u(x,y,z)  |3/2dx<(/  ™  |u  ,(5,y,a)  |d?)1/2(//  |u  2(x//»,Z)  |dxd:*)1/2 

-CD  —       -CD         ,_L  -CO         ic  \  I 


! 


CO 


(i£|u  „(x,y,£)  |dxd£)1/2 


-co  i-  3 


00  ,  f0  CO  -  /p     QD  1  /l? 

//|u(x,y,z)|JAdxdy  <  (//|u  1  (€,y,z)  |d5dy)1/<J(//|u  2(xA,a)  Idxdij)1^ 
-CD  "~  ~co       >x  -co       *  (  A 

»co  ; 

C/Z/Kj^-.y^icixd^)1/2 


from  which  the  result  follows  by  integrating*  with  respect  to  z, 

THZ0R5M  2,5.b:    There  is  a  constant  C(V)  such  that  if  ui  ET[B(x  ,R)], 
there  exists  a  function  U  1  Pli   [3(x  ,2R)]   such  that  U(x)   »  u(x)  for  x&B(x  ,R) 
and 

^^2R      -CeHU'l2,R       *     where 

(  llullgp)2  -/B   (|7u!2+R""2u2)dx 

Proof :     From  considerations   of  homogeneity,   it  follows   that  it  is 
sufficient  to  prove  this  for  the  unit  sphere  B(0,1).     But  then  the  result 
follows  from  Theorem  2.1;,  1. 

TliEOREJH  2«5.5 :    (a)   If  u.*H   (D),  p>l  ,   then  u  has   a  representative  u  such 
that     u(x  ,xj   is  absolutely  continuous  in    x     on  any  segment  [a  ,b   ]  such  that 

(x  ,x  )  i  E  for    a  <x     <b     ,    a  -l,...,^.     Moreover,   its  partial  derivative 

ct  — — —         —         w«  ■  1 1 1.  1 1,  ^.i       .,         .  ,  ,         ii    I.  ■ 

u       (which  exists  almost  everywhere  and  is  measurable)  is  a  representative  of  u     • 

(b)  Suppose  ut  L  (D),  p>  1,  supoos e  u  has   the  absolute  continuity  properties 

of  part   (a),   and  suppose  its  partial  derivatives  u       c  L  (D).     There  u     is  of 
K >> lj ! 9a  -   px   '      

class     H   (D). 
p 

Proof:    (a)     Let  R  «■   [a,b]   be  any  cell  in    D     in  which  a  arid  b  are  rational. 

Suopose  u  c  C   (R)     and  u    — - >  u  in  E   (R).     Define 
n  -  n  P 

'f  n(V  =  45     [  I^Cx^x^-uCx^x^)  |2+  |  7un(x1,xi)-Vu(x1^)  |2]p/2dx' 

wherever  this  makes  sense.      Then  each  U-    £  j.  ( [a  ,b,  ] )  andO?  — >0  in  L,    there. 
Thus,   a  subsequence  of  the  Cfi       converges   to  zero  for  almost  all  xJ   •     For  any 
such  x..    ,    it  is  clear  that  the  u   (xJ,xj[)  are  uniformly  A.C.     and  hence  equi- 
continuous  and  converge  to  an  AC  limit  which  we  denote  by  U'Cx^xJ )  which  must 
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be  equivalent  to  u(x  ,x _)  and  have  partial  derivative     IT-,    equivalent  to     u  ,    . 
Ey  taking  successive  subsequences  for  a  =  2, ...jV    in  turn,  we  arrive  at  a 
function     u.,     having  the  desired  properties   on     R.     But  since  the  totality  of 
ra oional  cells   is  d enumerable,   it  follows   that  these  functions     u-,     all  coincide 
almost  everywhere  with  a     u    as  desired.      Hie  proof  of   (b)   is   trivial  and  is  left 
to  the  student. 

EXCISE 

Prove  Theorem  2.5.5(b), 

2.6.   Lp     properties   of   potentials  and  quasi-potentials.      In  this  section, 
we  consider  qua si-potentials     u    defined  by 

(2.6.1)  u(x)  =  -/r  K  aU-::)ea(^)d^ 

Til 

and  potentials  as  defined  in  §  l.i>.   If  the  vector  e  ?.  C   (Ct),  then 
A(e)c  B„  =  3(x  ,R)  for  some  x  and  Rj  we  may  take  x  =0.  Then  we  may  replace 

h.  0  0  0 

G  by  Bp  in   (2.5.1)  and  we  obtain 

(2.6.2)  u(x)   =  -  fp  K  (x-£)ea „(£)&%     , 

by  integrating  by  parts.     Then  uiC   "^  everywhere  and 


(2.6.3)  -ziu(x)  =  eaa(x)         ,  x£   Ey. 

Thus,   if  D     is  any  open  set  and  v^ILfe),  we  see  by  approximations  to  v  by  smooth 

functions  that 

[2.6.U)  /D  v     (u^^dbe  -  0  ■  ,  v  >-  H^o(D). 

Moreover,  from   (2.6.3),  we  see  that 

(2.6.5)  /     |yu(x)  |2dx  -  *f       u |^3  -  /0  e^ Qdx    ,         GC  BA 


From  the  formula  (2.6.1),  we  see  that  u  •  0(A  "  ),  3u/3r  ■  0(A"  ),  so  that  we 
may  iet  A  — >  ®    in  (2.6»5)  and  conclude  that    yu  c_Lp(Ey)  and  that 

-.6.6)  fou|°       <     ||e  ||° 

LEKH  2.6.1:     If    S     is  any  bounded  set  and  0  <  h  <V, 
Pv_1/S|xrhdx  <  h'-h)S^h    ,  where  YvrV=     |S  | 

Proof:         For  the  integral  on  the  left  is  not  decreased  if     S     is  replaced 
by  B(0,r)  which  has  the  same  measure. 

THEO.-EM  2.6.1:     Suppos e     G     is  bounded,  e£  Lp(G),  and  u  is  defined  by 

(2.6.1)  whenever  this  makes  sense.      Ihen     u^Hp(D)  and  satisfies  (2«6«U)  for 

any  bounded  open  set     D.     Finally    rru  <tLp(&d)  and   (2.6.6)  holds.  If     D  »  G  »BR  . 
then 

(2.6.7)  ||u||*      <R   ||e||° 

Proof :     If     e  6.  Lp(G),  and  D  is  bounded,  we  see  that    |^-x|       •  |e(g)  | 
is   2  V  dimensionally  summable  over  D.xG    and  so  it  is  summable  in  g  over     G  f  or 
almost  all     x.     Since     K       (x-^)e   (£;)     is  2V-dimensionally  measurable,  it  is 
measurable  in  £  for  almost  all  x.     Thus,  for  almost  all  x,  u(x)  is  defined  and 

(2.6.8)  |u(x)  |2     <  j^k-xlHs]  •  ^VGI?-*H  |e(5)  |2d« 
\  <    Vl/V    •|G|1/>'-r;1/ak-x|1"V.|e(?)|2d5 

by  the  Schwarz  Inequality  and  Lemma  2.6.1.  Integrating  (2.6.8)  we  see  that 
u  .tLp(D)  and 

(2.6.9)  ||  u  |||j  <  Y^|G  I^D  |1/2  V  ||  e  ||| 
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(2*6*7)  follows  from  (2.6,9)  if  D  «  G  »  B^     • 

How,  we  may  approximate  to  any  e^Lp(G)  by  a  sequence     e     ,  each    -C   ^(G), 
Let  u    be  the  corresponding  quasi-potential  and  let     D     be  any  bounded  domain. 
Then^   from   ^2.6 ,8),  we  see  that  u    — >  u  in  Lp(D)  and,  from  (2„6®6)  for  each  n, 
the    va       form  a  Cauchy  sequence  in  L^(D).      It  follows  that  ufc. H«(D)  and  that 
V'J.     — >  v>  U  in  Lp  «      Thus,  we  may  pass   to   the  limit  in   (2. 6 ,.'4), 

THEOftEH  2*6.2:      Jf     G  and  D  are  bounded,  f  ^Lp(G),  and  u  is   its   potential 
pis   defined  by 

(2.6.10)  u(x)  -  /Q  K0(x^)f  te)d?       s 

2 
then     Ufc.K2(D)  and 

(2.6.11)  +ui(x)  =  f  (x)     ,  u     (x)  -  /  K     „(»t)f  (g)ds 

almost  everywhere.      If  G  «  D=B     ,  then 

(2.6.12)  ||*u ||°       <R||f||°     ,    IfVuHl     <   ||f |||         , 

;  NiS   <2-1(^2r1R2iifii°  ifn)>2 

<  2"1R2(2~1logR)  ||  f  ||  °   if  V  "   2.  and  R  <  1/2   . 

Proof ;   By  proceeding  as  in  (2.6.8),  it  is  easy  to  verify  the  bounds  for 
u.  For  smooth  functions  f,  (2,6.11)  holds.  For  such  functions,  we  see  by 
treating  the  right  side  of  the  second  formula  in  (2.6.11),  that 

and  we  can  obtain  the  bound  (2.6,9)  with  u  replaced  by^  u.  Since  the  right 
sides  convarge  in  Lp  ,  the  second  formula  in  (2.6.11)  holds. 
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If    f  £  C  "^(G),   then 
c 

+Au(x)  -  f  (x),  +Au'   (x)  -  £  '    (x) 

Multiplying  through  by    u        and  summing  and  integrating,  we  obtain 


><* 


au  2   2 


.6,13)         -/  i  ata  adx  -  VBB    u^a  TJa  ds  +   /      |?  u|  dx 

A.  J%  i*l 


-  ^VV^  *  -  V ^X  =  /a'f  l'dx 


'A  '      '  "A 


.2.  H o         ^.     I.  -  no 


By  letting  A  — >  a> ,  we  see  that      ||*  u|Lv      <     ||  f  |L-    •      Hie  remaining  results 
follow  easily  by  approximations, 

COROLIaRY:     If  e£*Hp    (G),  G£B(x  >R),  and  u  is  its  quasi-potential,  then 

u  is  the  potential  of     e       and 

11*11°    <R||e||°    <2"1/feR2bB|l2    ,      IWI°2    <2-l/2RiNl2, 

l^»2    <  Il%all2      ^    ^2      > 

The  results   follow  from  the  theorems  above  and  PoincareTs   inequality;   that 

II  e      lie    <   ll^ilo      follows  by  taking  Fourier  transforms, 
•  ex    c.    — »     ~       C. 

2,7,   Miscellaneous  additional  inequalities.      In  this   section  we  prove 
additional  inequalities  which  are  especially  useful  in  discussing  equations  of 

higher  order, 

THEOREM  2,7«1:.  Suppose     G     is  bounded  and  of  class   C   ,  m>l  and  p>l.      Then, 
for  each  j,  1  <  j   <  m-l,   and  each  £  >  0}   there   is   a  constant  C^m,p,G, jj£.) 

such  that 

(2.7.1)        ||7Ju||°      <    ell7m«lln    +    C  ||  u ||°        ,         uil£(G). 
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'oof:  Tor  otherwise  there  is  a  sequence  4  u  f  with  u   LH   (G)  and 
"  4    n)  n       P 


II  u    II"'  =»  1  such  that 
"     n   p 

(2.7.2)  ||V\!!°    >    t,b\i|°+n||un|!°     . 

m     1 

7rc:n  Theorem  2.1u2,  it  follows  that  we  may  assume  that  u  — >  u  in  E  "'  (G). 

3  j  n  p       \     / 

Sir.ce    II 7  ^u    ||°    <   ||  u    f'**1  <   ||  u    ||m    =  1,   it  follows  that  u  —>  u  in  L  (G), 

so  u  =  0«     Bub  then    IfV^u    ||    — >  0  so  that    ||v  u    ||      and  hence    II  u    II    — o  0«> 

11  *     n.ip  11  v      n  Up  11    n»p 

TEIEOi'iEi-I  2*7.2:   If  u&H*  (G)  and.  G  is   bounded,    thure   is  a  unique  polynomial 
?  of  decree  <  m-1    (or  «  0)   such  tn.it  t,e  average  over  G  of   each  D   (u-P)   is  0 
if  0  <   |c|   <  m-1. 

This   is   easily  proved  by  induction  on     m. 

m  /  \ 

THEOREM  2.7,3:     Suppose     G  is  a  domain  of  class   C     and  GCB(x  ,Rj.      Then 

there  is   a  constant.  C(V,rn,p,G)   such  that 

(2.7.3)  |l7Ju||°<CKK-Jiivmu!!°  ,         0<j<m-l 

for  every  Ur.Pi  (G)  such  that  the  average  over  G  of  each  D  u  is  0  for 

p  CL 

0   <   |a|    <  m-1. 

Proof:  VJe  first  assume  that  G<^B(0,1).     Suppose  the  theorem  is  not  true, 
Then  there  is  a  j,   0<  j  <  m-1,  and  a  sequence  Su  Z  of  functions  of  the  type 
described  such  that 

[2.7.10     ik\ll°  >°llr\ll°  >       K«p  =1 

A  subsequence,  still  called  ya  \9   converges  in  H  "  (G)  to  some  u.  From  (2.7«ii)> 

it  follows  that  tfmu  — >  0  in  L  (G)  so  that  u  — >u  in  Hm(G)  and  omu  =  0.  By 

Y  n        P  n       P 

induction  on  m  and  the  use  of  mollifiers,  it  can  be  shown  that  u  is  a  polynomial 
of  degree  <  m~l.  Clearly  the  averages  over  G  of  each  D  u  is  0  if  0<Ja|<?n-l.  From 
Theorem  2.7.2,  it  follows  that  u«*0.  Since  u  — >a    in  H?(G),  this  contradicts  (2.7^. 
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CHAPTER  3 

TIE  GENERAL  SECOND  ORDEH  ELLIPTIC  EQUATION  WITH  REAL  COEFFICIENTS. 

3.1.  The-  H^  existence  theory.  In  this  chapter,  we  discuss  the  existence 
—  differentiability  of  the  solutions  of  the  equation 

(3.1.1)    Lu  ♦  Xu  *  f  where  Lu  »  -(aa^u  R  +  bau   +  cu)  ,  u  -  0  on  rjG 

where  the  a  "  3   b  ,  and  c  are  real  but  u  and  f  may  be  complex.  The 
coefficients  a  "  are  always  assumed  continuous  on  the  closure  of  the  domain 
being  considered  and  we  assume  that  there  is  an  h  such  that 

'.3.1.2)         (1  -  h)  |x|2  <  aa?(x)\  XQ  <  (l  +  n)  |X|2  and  0  <  h  <  1  , 

for  all  x  on  G  and  all  X  ,  VJe  assume  that  the  b   and  c  are  bounded 
and  measurable  at  least. 

Our  method  of  proof  for  the  case  that  the  a  -J    are  Lipschitz  is  as  follows: 

p 

Suppose     u    is  a  solution  of  (3.1.1)  which    e  PL(D)     for  each    DCC  G  .     Then  if 

v  e    C     (G)   ,  we  obtain  by  integrating  by  parts,  the  result  that 

(3.1.3)       A  {  v  _  a^u  ,    +  v(aa^  u  n    -  ba  u  n  -  cu  +  du) }  Xx  «  /  f  vdx  . 

Tie  shall  then  show  that  there  is  a  unique  solution     u  e  Hi   (G)   of  (3.1.3)     for 
each     f     in    L       provided     X     is  not  in  an  isolated  set  of  eigenvalues.     We  then 
show  that     u  s   H"(G)     if     G     is  of  class     C~  and  obtain  further  differentiability 
properties  of  the  solutions  which  hold  when     G,    f,   and  the  coefficients  satisiy 
additional  differentiability  conditions. 

The   equation  (3.1.3)   is  a  special  case  of  the  equation 

(3.1. h)  B(u,  v)    +  X3(u,   v)   =  L(v),   v  e  H*   (G),     xrtiere 

B(u,  v)   »  fr[v     (a  •  u       +  bau)   +  v(cau       +  du)]dx  , 
(3.1.5) 
|  C(u,  v)   =  /G  uvdx  ,  L(v)   »  -  7Q(eav  a  +  f v)  dx  , 
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which  we  consider  for  the  remainder  of  this  section.   In  this  section  we  shall 

rtri 

begin  by  assuming  merely  that  the  a  '   are  bounded  and  measurable  and  satisfy 
(3.1.2).   ie  shall  use  the  norm  and  inner  product  of  (2.1.15)  for  m  ■  1 
throughout  this  section.  We  denote  the  bounds  for  b,  c,   and  d  in  (3.1.5)  by 

(3.1.6)  |t(x)|  <  B^   |c(x)  <  Cl5  |d(x)|  <  D  , 
THUOrtlL'  3.1.1:  If  u,  v  s  H'"  (pr)   and  G  is  bounded, 

(3.1.7)  lle,B(u,   u)   >  2~1(1   -  h)(||u||)2  -  \Q  C(u,   u)      , 

II,,.  II  (  li  HOI!   -     lilflll    \ 


(3-1.--5)  |3(u,  v)j  <i:x  ||u||-  ||v||   ,    (||f  ||.   lifjL 


tthore 


0 


>2  w  ,,  ,«       .     rt-l^     .„    NDl.ft-2n     ;.2 


(3.1.9)     XQ   «  Dx   +  2*x(l   -  h)""L(aL   +  i^)      ,  1^   =   (1  +  h)    +  2~~(VC1)R+2"'-D]Lrt 


if    G  c  rU0,  a)   • 


Prcji .      ror 


|  /    aaCu  ,  v    dxj<  (1  +  h)||u||  •  ||  v  |! 

(1  -  h)  |i  u  i|2  <    /.,  aa?u  0  u  „  dx  <  (1  +  h)  II  u  ||2 

!guy  |  <  D1|u|-|y|    ,    |bauvj<     -^|u|-|Vv|,    |cau  av  |  <    31!Vru|'|^l 

(3.1.10) 

|bauuja+  cV^  I   <  2"1[(1   -  h)!Vu|2  +   (1   -  h)*1^  *  C±)2    |u|2] 

The  results  follow  by  integrating  (3.1.10)   and  using  the  Schwarz  and  Poincare 
(Theorem  2.1.5)   inequalities. 

THEQSI&i  3.1.2   (Lemma  of  Lax  and  Mil gram) :     Suppose,   in  a  Hilbert  space 
*f\>   EL(u,   v)     is_  linear  in     u     for  each     v     and  conjugate  linear  in     v     for 
each     u     and  suppose 

(i)  |30(u,   v)|  <  MJIuH-UtI! 
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(3.1.U) 

(ii)  |BQ(u,   u)|   >  nij_.ll  u  ||2,  ir^  >  0   . 

Sygyoose  the  transformation     Tn     is  defined  by  the  condition 

(3.1.12)  BQ(u,  v)   *  (TQu,   v). 

Then     T       and     T~       are  operators  with  bounds    M,      and     rnT     ,   respectively. 

Prop- ;     It  is  clear  that     Tn     is  a  linear  operator  with  bound    M-    .     From 
(3.1.11)    (ii)   and  (3.1.12),  we  see  that 

mJluH2  <   |BQ(u,   u)|    =    |(T0u,   u)|   <   ||  u  ||  •  ||  TQu  || 

so  that 

1!t0u|!s  mx  ||  u  II 

It  follows  easily  that  the  range  of  T   is  closed.  If  the  range  were  not  the 
whole  spr.ce,  there  would  be  a  v  such  that  B~(u,  v)  =  (T^u,  v)  =  0  for  every 
u  .  But,  by  setting  u  =  v  ,  it  follows  from  (ii)  that  v  =  0  .  Thus  T~  is 
a  bounded  operator  with  norm  <  mT" 

THDOREM  3.1.3:  Suppose  the  t rang f ornati on  U  is_  defined  on  Hpn(G)  by 
the  condition  that 

(3.1.13)  C(u,  v)  =  (Uu,  v)^  ,  v  e  H^(G)  . 

Then     U     is_  a  completely  continuous  operator. 

Proof.     That     U    is  an  operator  follows   from  Poincare's  inequality,   since 
j|  Uu||   «   sup  (Uu,  v)   «  sup  /G  uvdx  <  2*1  R2  ||  u  ||    if   |v||  »  1   . 

Next,   suppose     u    — 7  u     in     K'((j)    .     Then     u    >  u    in    L       and 

||  U(un  -  u)  ||  =  sup  /G  (un  -  u)   vdx    <     2"1/2R||  v  ||  •  «un  -  u  |0  ~>  0 
so  that     U     is   compact. 
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THUQftEM  3.1.U?     If    X     is  not  in  a  set    i?,  which  has  no  limit  points  in 
^fche  plane,  the  equation  (3.1.U)   has  a  unique   solution     u     in     Hr^CG)      for  each 
given     c     and     f     in    L~(G)    .     If    X   e  Jhy  there  are  solutions  of     (3.1.U)   in 
which     u  ^  0     Drm     e  =  f  =  0   ,  but  the  manifold  of  these  is  finite  dimensional. 
If    X       i3  defined  as  in  Theorem  (3.1.1),   then  no  real  number    X     >  X~     is  in  fi>. 

Prop    .     Let  us  define     X       as  in  Theorem  3.1.1     and     B0     by 

(3.1.1V)  BQ(u5  v)   =  B(u,  v)    +  X0  C(u,   v) 

and  define  T0  by  (3.1.12).  Then,  equation  (3.1. h)   is  equivalent  to 

(3.1.1!?)  TQu  +  (x  -  XQ)Uu  *  w  ,  where  (w,v)  *  L(v)  . 

Moreover,  from  Theorem  3.1.1?  it  follows  that  B_  satisfies  the  conditions  of 

•-1 
the  Lemma  of  La::  and  Mil  gram  with  m.  =  2  (l  -  h)  .  Accordingly  T   has  a 

bounded  inverse  so  (3. -.15)  is  equivalent  to 

(3.1.16)  u  +  (X  -  X^T^-Uu  <=  Tq1*  . 

-1 
Since  Tn  U  is  compact,  the  theorem  follows  from  the  Riesz  theory  of  linear 

operators. 

2 

3-2.     H       differentiability  of  the  solutions.     In  this  section,  we  first 

prove  boundedness  and  approximation  theorems  and  then  show  that  the  solution 

2 

u     obtained  in  §  3.1     e   H.   . 

THLORiii  3.2.1:     Suppose  the  coefficients,   e,  and     f     satisfy  the  conditions 
of  §  3.1     on    G  ;  the     a^     need  not  be  continuous.     Suppose     u  s    L  (G),ue  H?(D) 
for  each    DCCG  ,   and  suppose     u    isa  solution  of  (3.1.1j)  with    X  ■  0   .     Then 
there  is  a  constant     C   ,  depending  only  on     h,  B   ,  C^  ,  D> ,   and     5       such  that 
if    DCCG     and     D  C  Gft   ,  then 

(3.2.1)  ||Vu||^D  <  C[8-Xi|u|^G   ♦   ||el^G    +  6||f||°      J,  0  <  6  <  6Q  , 
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Proof.     In  the  equation  (3.1.U)  with     X  =  0   ,  we  transpose     L(v)     to  the 
left  side,    set     v  =  £  u  ,   and  take  the  real  part,  where     £(x)    =  1     if     x  e     D   , 
£(x)   =  1   -  25"*1  d(x,   D)     if    0  <  d(x,  D)  <  6/2,  £(x)    =  0     elsewhere.     Then, 
since     a  '     =  a     •    and  the     a  ^     are  real,  we  obtain 

0  =  lie  B(U,    IT)   +  Re  /  {  ^eaU      -  uu  [  aa?  K     Z  a  +  (ca  -  ba)^<       ] 
(3.2.2) 

+  £u  (eac;        +  £f)}  dx 

where  we  have  set 

U  =  £u  ,  so  that  v   -  £(U   +  £  u)  ,  £u   =  U   -  £   u  ,  etc. 

•  C-  «  3  9  3  9 

Since  0  <  £(x)  <  1  ,  £  s  C^(G),  and   |r?£(x)|  <  25'1   ,  we  see  from  Theorem  3.1.1 
that  (norms  in  L  (G)) 

0  >*!  I!yu|2-  «e!-|r?U|!  -  |u|2[\0  ♦  l=(l+h)5-2+2(B1H-aL)5-1l-W(25-1!|e!|+||f!|), 

The  result  follows  since 


."t     • 


D   "  *  ,;D 

THEOREM  3.2.2:     Suppose     G  =  G,    ,   suppose  the   coefficients  and     e     and     f 
satisfy  the   conditions  of  The orem  3.2.1     on     G  ,    suppose     u  e  L   (G)    ,   u  e  Hp(G  ) 
for  each     r  <  R  ,    suppose     u  =  0     along    q\   ,   and   suppose     u     is  a  solution  of 
(3.1.10     with     X  =  0   .      There  is  a_  constant     C   ,  depending  only  on     h,   EL ,    C  , 


and     D.,  ,    such  that 


i5 


(3.2.3)  ||\7u||^r    <     C[(R  -  ri^lull^  ♦   |e||°  +  (R  -  r)|f||°] 

Proof:     The  proof  is  identical  with  the  preceding  proof  except  that  we 

define     £(x)   =1     if     |x|   <  r  ,  £(x)   =  1  -  2(R  -  r)""X(  |x|    -  r)     if 

r<|x|<(r  +  R)/2  ,  £(x)    =  0     if      |x|   >  (H  +  r)/2   .     Then     u,   v,   and     U     all 

vanish  on    O  G     , 

R 

THEOREM  3.2.3:  Suppose  G  is  bounded  and  suppose  that  the  coefficients 
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a  •  •  b  .  c  ,  and  d   all  satisfy  the  conditions  of  Theorem  3.2.1  uniformly 
n    n*  n9   n , |S- 

on  G  and  converge  almost  everywhere  to  a™,  b  ,  ca,  and  d  ,  respectively, 
and  suppose  that  e  ->  e   and  f  — >  f  in  L.(G).  Suppose  that  u  — >   in 
H  (G)  and  that  u   Is  a  solution  of  (3.1.U)   for  each  n  .  Then  u  is  a 


V" 

».*•■•■ 


solution  of  (3.1.U)  with  the  limiting:  functions.  "]$  '{ 

Proof;  For  each  fixed  v  &  Hpn^^  >   we  see  ^hzt 


aft—       aft—    -a—      .a—     , 
i  Ky  — >  a  *v  ,  b  v  A  — >  b  v  ,  etc, 
n  ,a       ,g>  n  ,a       ,a* 


in  L?(G)  ,  so  that 


Bn(un,  v)  — >  B(u,  v),  C(un,  v)  — >  C(u,v),  Ln(v)  — >  L(v)  . 

iA  3.2.1;     If    0  s  ^(G)    ,  DQCG  ,  ^CG2H>e  — -  —  m±t  vector  iS  S^. 
xY    direction,  and  K0,      i£  defined  on    D     for    0  <  h  <  H    by 

(g(x)  .  h-1[^(X  +  heY)  -^(x)]  , 

then^  — >fy    in    Lp(D)   . 

Proof.     We  approximate  strongly  in    H  (CO     to    iU  by  functions     (p     of 

class     C1     on     G„  .     The  remainder  of  the  proof  is  like  that  of  Lemma  2.iul. 

n 

ThTOREIi  3.2.U:     Suppose     G    is  bounded,   suppose  the  coefficients  and     e 

and    f     satisfy  the  previous  conditions  on     G  ,  and  suppose  that     u  e  Hp(G) 

and  satisfies   (3.1.U)   on     G  ,     Suppose  also  that     a  '    and     ba  e    CL  (D)     and 

e  e  Hg(D)     for  each    DCCG  .     Then    u  e  h|(D)     for  each    DQZG    where  it 

satisfies  (almost  everywhere)  the  differential  equation 


(3.2.U) 


.    -2-  (aa*u      +  bau  +  ea)   +  cau  „  +  du  +  f     «    0   . 

3xa  >P  >a 


If    G     is  of  class     (£  ,  aaP  and     ba  e   C°(G),  and     ea  e   h^(G)    ,  and    u  e    hL(G), 

2 
then     u    6    Hp(G)    . 

Proof.     Let     DCQG    and  choose     D»     and    D"     so  that    DCCD,CCD,,CCg  . 
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Let     U     be  the     D"-potential  of     cau       +  du  +  f     and  let 

ra  va         .        a  TT 

E       =     b  u  +  e     -  U 

Then  (3.1.U)   is  equivalent  to 

(3.2.5)  /„v       (aa3u„    +  Ea)dx     =     0  for     v    6    £n(DM) 

and     Ea  e   l£(Du)    .     We  suppose    D'ccD^  . 

Now.  supnosc     v    e   C     (D1),   e       is  the  unit  vector  in  the     x^    direction. 
31  c  y 

Far     0  <   |h|   <  H  j   we  define 

vh(x)   =  ifHvfx-he  ■)   -  v(x)l   ,  uh(x)   =  h^tuCx  +  he^)    -  u(x)]   ,  x  e  D'    . 
Then,  by  writing  out  what     v.      is  and  changing  variables  as  indicated,  we  obtain 

/  „  v,      (xXa^u  R  +  lf)dx     -    /  ,   v     (x)[aa|3(x)iL    _   (x)   +  JB"(x)dx    «     0 

E?(x)      =     h**1  {  [aa*3(x  +  he  )    -  aa   (x)  ]u  R(x  +  he  )    +  Ea(x  +  he  )    -  Ea(x)]} 
n  Y  jP  y  T 

From  the  bounded  convergence  of     h""[a^  (x  +  he  )   -  aa   (x)]     to  ar?  (x)     and 

Y  }X 

from  Lemmas  2.h.l  and  3.2.1,  it  follows  that 

From  Lemma  3.2.1,  it  follows  that  u,  >  u    in  L.(D')  .  Then  it  follows 

h  ,y  c 

from  Theorem  3.2.1     that     fl^u,  |L  Q     is  uniformly  bounded  for    0  <   |h|  <  H     so 

that     u,    u'     in     H~(D)      for  some  sequence  of     h  — >  0   .     But     u       must  be 

u        so  that     u      s   Hl(D)    .     Since  this  is  true  for  any    y    an<*    D  ,  u  e  H0(D)   . 
Then  the  differential  equation  (3.2.U)   follows  by  integrating  (3.1.U)  by  parts 
on  each     D   . 

In  order  to  prove  the  last  statement,  we  pick  any  point     x_     on    "^  G    and 
map  a  boundary  neighborhood     N     of    x-^     in  the  proper  way  onto     G-,     by  a  regular 
map  of  class     G_    .     Then  (3.1.U)    goes  over  into  an  equation  of  the  same  form  on 
Gq   .     We  may  repeat  the  argument  of  the  preceding  paragraphs  for  each     y  <  V*  1$ 
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since   each     u,      vanishes  along     <j       .      Usins;  Theorem  3.2.2  this  time,  we   conclude 
n  r 

that  each     u        with     Y<l)"l6    K0(G  )     for  each     r  <  R   .     This  implies  that 

all     u     c    with     Y  <  ~0  -  1     and     1  <  6  <  Je  L-(G  )    .     But  now  if     x       >  e   >  0, 
,Yo  '   -    r  -      —  »        2     r 

u     %   is  also  in     H       and     u     satisfies   (3.2.li).     Since     a^*   >  0  ,  we  can  solve 

3    V  2 

that  equation  for  u   %  and  thus  conclude  that  it  e  L0(G  )   also  so  that  u  »> 

>1>V  2     r'  rf 


al: 


T-r-fn.   ^       c-^    +V,o+      ■.,     .=.     u*- 


so      e  H"0(G  )     so  that     u    e    H0(G  )    .     Thus,  since  each  point     x       of    '*J^G     is 
•._     r  c.     r  u  *^ 

2  2 

in  a  neighborhood  on  which     u  e   H     ,  we  conclude  that     u    e    H?(G)    . 

COROLLARY  1 :     If,   for  some  boundary  neighborhood     N     of    x       on     G^^G  , 
the  part     N("|  B&     is  of  class     C^     and  if     aa?     and     ba  e    C°(N)     and     ea  s   H^(N)  , 

and  if    u    is  the  solution  of  (3.1.10   in     HJL(G)    ,  then     u    s    Hp(Nf)     for  some 

boundary  neighborhood     N       of     xn     with     K^N  . 

THi-ORBi  3.2.?:     Suppose     G     is  of  class     C,    ,   aa''  e   CL  ((5)    ,   b       and     c     are 
bounded  and  measurable  on     G  ,   and  the     a  '       satisfy  (3.1.2)     on     G  .       Then, 
if    \     is  not  in  a  sejfc    LL    without  finite  limit  points,   there  is  a  unique  solu- 
tion of  (3.1.1)  which    sH  (G-)  r\  H"    (G)    .     If    X  s  Jf^i  there  is  a  non-empty  but 

2  1 

finite  dimensional  manifold  of  solutions  in     H?(G)  (\  H?n(G)     with     f  =  0   . 

3.3     The  equation  (3.1.1).     Theorem  3.2.5  sums  up  the  results  so  far  ob- 
tained  concerning  this  equation.     An  essential  hypothesis  is  that  the     a  •  e  C,  (G)  . 
In  this   section,  we  replace  this  hypothesis  with  the  weaker  one  that  the 

a^e     G  (G)    .       We  continue  to  assume  that  the     b       and     c  e  M(G)    .     We  shall 

1 
also  assume  that     G     is  of  class     C,    . 

LPH-IA  3.3.1:     Suppose     G  =  B(0,  R )     or     GR       and     aa'8(0)   *  6a^   .     Then 
there  exists  an    R,      with    0  <  R,   <  R     ,  which  depends  only  on    *J  ,  h,  the 
bounds  for  the  coefficients  and  the  moduli,    of  continuity  of  the     a         ,   such 
that 

Vl^R  <  2iLuH2,R     if     u  €  H2     and    °  <  R  -  *! 
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if     A(u)  C  EL     or     u     vanishes  along     ol     and  near    y*R  •     Here 

(3.3.1)  '(lluf^)2  =    /    (|72u|2  +R-2|Vu|2*a-ku2)dx 

Proof:    We  first  prove  this  for  the  case     EL    .     It  is  sufficient  to  prove 
it  for     u     of  class     C  (Bl)    .     Then,   as  in  Section  1.3, 

C  Li 

u(x)  =  -  /__  KQ(x  -£)Au(£)d£  . 

Thus,  from  Theorem  2.6.2,  it  follows  that  (||^p||  =  \\^f   R) 
/■  ,,2 


,  <   ||-Au!|  <   JLulJ  +  H  (a  -  an)- V2u  +  b-  Vu  +  cu 


||Lu||  +   [6(R)   +  B.    R  +  CLR2]' ||u|£  -    ,  lim    s  (R)   -  0 

x  -1  ^  R->0 

2 

The  result  for    B0     follows.     Now  if    u  e   H0(G„)   ,  vanishes  along     <rn     and  near 

a  d.     rt  it 

J     ,   then  it  is  easy  to  see  by  using  molliflers  of  the  form   \P  (x)   =  V(  |x|) 

2/     x  -J 

that     u    e    H  U3.J     if  it  is  extended  to  the  part     x      <  0     of    EL     by  reflection 

(3.3.2)  u(XV     x'    )=  -u(-x^  x^) 

Since     Au    is  extended  by  the  same  formula,  the  result  follows  for     (k   . 

THEOREM  3.3.1:     Under  our  general  hypotheses,  there  is  a  constant     C    which 
depends  only  on  *\j  ,  h,  G,  the  bounds  for  the  coefficients,  and  the  moduli  of 
continuity  of  the     aa^,  such  that 

(3.3.3)  ||u||22  <  C[|lu|°    *     |u  ||°  ] 

for  all     u  5  H?(G)     which  vanish  on   §£. 

Proof;     First,  let     x~   e  G  .     By  an  affine  transformation  with  upper  and 

lower  bounds  depending  only  on    h  ,  we  may  carry    x~     into  the  origin  and  a 

neighborhood  of     x0     into     B;:>       in  such  a  way  that  the  new     'a"(0)=6*     If 

0  RQ 

xl   e  '3}G  ,  we  begin  with  an  affine  transformation  as  above,   follow  that  by  a 
rotation  of  axes  so  that  the  tangent  plane  at     xl     is  the  plane     xr     ■  0    with 
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x       axis  pointing  into     G  ,   and  then  may  follow  this  by  a  map   of  the   form 

$  ,    'x       =  x^    -  f(x'.)     which  flattens  out  a  part  of    ^  G 
near     x     j   the  result  is  a  regular  map   of  class     C'      of  a  boundary  neighborhood 


x     =  x       ior     a  <  ' 


of     X 


onto     G^       so  that     'a  ■  (0)    =  5  P  .      It  follows   from  Lemma  3.3.1  that 


there  is  a  constant     C       depending  only  on     h     and  that  each  point     x       of 
(1  UOG     is  in  a  neighborhood  or  boundary  neighborhood     N(x~)    ,  which  depends 
only  on  the   quantities  stated,   such  that  if     /\(u)  Q  N(xn)    (meaning     u     vanishes 
near    *^N  ^G     and  along    9GON     if     N     is  a  boundary  neighborhood)   then 

!|  u   ||2)G     <     C1.||l.u||°2j0     (u   e     H*(0)). 

There  is  a  partition  oi  unity    £.  ,    . ..,  %>  9  each     £    e    Cr(G)     and  having  support 
in  one  such  neighborhood 

Now,   suppose  there  is  no  such  constant     C     in  (3.3.3).     Then  there  exists 

2 

a  sequence     {L J      of  operators  and     {u  }     of  functions  in     H?(G)     which  vanish 

along    ^G     such  that  the   coefficients  of  the     L       satisfy  our  conditions  uni- 
formly    (a^     being  equi continuous)    such  that  ||u  |L  =  1   ,  L  u     >  0     in    L  (G), 

and     u    >  0     in    L    (G)    .     By  choosing  a  subsequence,  we  may  assume  that 

u    — 7    u  =  0     in     H^(G)    ,  so  that     u     >  u     in     hL(G)    .     Then 

n  '  2         '  n  20 

L  {t   u  )  =  K  L  (u  )  +  M  (u  )  — >  0  in  L  (G) 
n  s  n      s  n  n     s  n  2 

2  ? 

for  each  s  .  But  then  II £  u  IL  >  0  for  each  s  ,  so  that  II u  |L  >  0  , 

"  s  n  d  '  "  n "  2 

2 
which  contradicts  our  assumption  that  ||u  ||  =1  , 

The  following  theorem  and  its  method  of  proof  is  essentially  due  to  Nlren- 
berg  who  explained  it  to  the  writer  in  an  informal  conversation  at  the  Interna- 
tional Congress  in  1958. 

THEOREM  3.3.2:  Under  our  general  hypotheses,  there  is  a  real  number  \~ 
and  a  constant  C  ,  which  depend  only  on  the  quantities  stated  in  Theorem  3.3.1, 


such  that 


j|  u  || g  <  C   jLu  +  Xuf       if     X     real,  X     >    \ 


2 

for  all     u     in     H  (Q)     which  vanish  on       G  . 

Proof.     For  any  given  1f|.   >0   ,   each  point     x~     is  in  a  neighborhood  or 

boundary  neighborhood  in  which     |a(x)   -  a(x  )  |   <"tl-,    .     We  choose  a  sequence 

1  /—  2  2 

£  3   s  =  1,    ...,   6j    such  that  each     £    e    G   (G)     and     £.    +   . . .   +  £Q   =  1   .     We  let 

s  s         x  J.  o 

u     =  £  u     and  note  that 
s         s 


£     Lu     =     Lu       +     M  u 

s  s  s 


where  each    H       is  an  operator  of  the   first  order.     Then 
s 

o 

(3.3.W         a«,  u)2     =  Ji(^LU)  ,,     }0     .    y  (LUsj  Us)0  +  (K,U)  u)0 


inhere    M       is  of  the  first  order.      But 


(3.3.5) 

-/n(bau         +  cu  )udx  ,   a^   =  a^(xn   ) 
G         s,a  s     s        '     Os  Os 


where     x^       is  in  the  small  support  of    £     .     Since,    for  each     s   . 

Os  s  '  7 

-    fn    Sir.4       U  -U    ^X       =       fr>&r!       U  U       _  dX    >    0     , 

"'G     Os     s,ap  s  JG    Os     s,a  s,{3       -       ' 

we   see,   by  summing  the  real  part  of  (3.3.?)  wih  respect  to     s     and  using  the 


facts  that     u     =  £     u  ,   etc.,  that 

s         s       '  ' 


Re   (Lu,   u)°  >  -  Re  /  [  J  ^(a^    -  a^)]u         udx 


+     Re(iiu,    u)« 


where     M     is  an  operator  of  the  first  order.     Thus 

Re  (Lu,   u)°  >  -TJJIV^I-W-  C^XIlVufl  *   ||  u||)-||u|| 

>  -  2^||V2u|i-NI   -  cCfc)    •    I  u||2  .   (|f|  =  Bf||°) 
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■But,   now     (\\f\  =    \ff2)    ,   for  real     X   , 

|Lu    +  Xui|2  =    |M|2+\2||u(|2   +  2X  Re(Lu,   u) 

>  |Lu!|2  +  X2!|u||2-2^(||V2u||2  +  X2||u||2)    -2XC(^)||uI2 

>  ||Lu  ||2(1   -  2vaC2)   +   [X2(l  -  2^)    -  2XC(Y|1)    -  2  ^IHI2 

where     C       is  the  constant  of  Theorem  3.3.1.     If  we  first  choose  YK      so  small 
that     (l  -  21k)   >  1/2     and   (1  -  2/1  C  )   >  1/2   ,  we  may  then  choose     X       so  large 
that     X2/2  -  2X0(10    -  2*C     >  1/2     for    X  >  XQ   .     Then 

||Lu+Xu||2>     |[|Mi|2     +      It  u  ||2  3 

from  which  the  theorem   follows. 

THEOREM  3.3.3:     The  conclusions   of  Theorem  3.2.c>  hold  under  the  general 
hypotheses  of  this  section.      In  fact  no  real     X  >  X       is  an  eigenvalue. 


Proof:     First,    suppose     X     >  X      .     We  air. ay  approximate  to     L     by  operators 

a  3 
L      whose   coefficients   satisfy  our  conditions  uniformly  with     a  •    converging 

uniformly  to     aU'      on     G   ,   each     a   D  £    Cn  (G)    .  Define     I.     =  L     +  XI     as  an 

n          1  In      n        1 
2 

operator  on     L   (G.)     with  domain  all     u    e    HL(C-)  which  vanish  on    ^G  .      If, 

for  some     n,  X,   were  an  eigenvalue  for     L     ,   then     L^        would  carry  some  non- 
'     '  b  Mn  xn  J 

zero  element  into     0     which  would  contradict  Theorem  3.3.2.     Thus     X       is  not 

an  eigenvalue   for  any     n  .     Hence,  if     f   e    L_(G)    ,  L_    (f)   =  u       is  defined  for 

s  2  In  n 

2  0 

each     n     a..d      ||u    |    <  C|j  f  ||        for  all     n  .     Hence  a  subsequence,   still   called 

{u  }    ,  — 7    u     in     H-(G)     and     u  =  0     on   9  a  .     Then     L_    u    ,     L_u     in     L0 

n  2  In  n      1       2 

(cf.  the  proof  of  Theorem  3.2.3),  so  that  L_u  =  f  • 

Now,  the  equation  Lu  +  Xu  =  f  is  equivalent  to  the  equation 

LQu  +  (X  -  XQ)u  =  f  (LQ  =  L  +  XQI) 

which  is,  in  turn  equivalent  to 


T-2 
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a      T-i  .  .  ..2 


As  an  operator  on  I-L  0  H0  9  L0  u  is  compact,  since  weak  convergence  in  H„ 
implies  strong  convergence  in  L  .  The  theorem  follows  from  the  Riesz  theory 
of  compact  linear  operators. 

3.-!'-.  Holder  coiiti .iuity .  In  this  section,  we  show  that  if  G  is  of  class 
?  then  the  solutions  u  obtained  in  the  preceding  section  $£q   ^(Q\ 

G  '   and  the  coefficients  and  f  £  C^(G)  ,  A  Our  method  is  to  reduce  the  problem 

by  regular  mappings  of  class  CT    of  neighborhoods  or  boundary  neighborhoods 

of  each  point  onto  spheres  IL   or  hemispheres  Gn  ,  as  described  in  the  nroof 

of  Theorem  3.3.1,  so  that  a  (0)  =  5  "  ,  and  then  prove  local  differentiability. 

To  prove  the  local  differentiability,  we  assume  that  u  is  a  solution  in 

H^(B_  )  oi   (3.1.1).  For  0  <  R  <  R  ,  we  define 
2  :i0  -  0 

(3.U.1)         ru  =  Pp(-Au)  ,  H^  =  u  -  m.    ,  (so  u  =  u  +  H  ) 

where     -Pp(f)     denotes  the  potential  "of     f     as  defined  by  (2.6.10).     In  case 
k'  =  2_>  -P„(f)     differs  from  the  potential  of     f     by  that  constant  chosen  so  that 
its  average  is     0;  this  gets  rid  of  the  log  term  in  the  bound  for     ||  u  |L  R     (see 
Theorem  2.7.3).     We  regard     u    as  known,  whence     vu     and     H.,     are  known  and     BL 
is  harmonic.     We  then  define     the  space       0       (B-J      to  consist  of  all     u  £  H_(B0) 

2 -Hi  ,       N 

such  that     u   T    C       (B  )      for  each     r  <  it    with  norm 

(3.U.2)  *||u|J^  =.    max  ['  |u||^R  ,   SUp(R  -  r)T^  y  tf  2u,   Bp)  ]  ( T=  -tyz) 

fJe  first  note  that  if     E,  £  Hp  R  ,  then  it  also     L*Cr      •     Then,  regarding     Kp 
as  known,  we  obtain  an  operator  equation  for     uR     as  follows : 

uR  *  PR(-Au)    =  PR(^u)   +  PR[(a  -  aQ)    •  ^2U  +  b  •  \/u  +  cu] 
(3.U.3) 

■VV+VH 
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where 


(3.U0  Ta(^)   =  PH[a  -  aQ) .  l/\  ♦  b-  Vu;l  ♦  CUr]    , 

V,i  ■  PR(f>    +  PRC(a  *  a0}'  V\  +  hS\  +  0H:i]    • 
in  which     vn     ie  known  and     '.II       or     "*C  according  as     f  e   L       or  to     &1  . 

it  2  2 

It  is  then  shcgft  that  if     R     is  small   enough,   the  norm  of    TD     is.  <  1/2     as  an 

it  — 

operator  in  either  space.  Thus,  if  R  is  small  enough,  the  equation  (3.1u3) 

2  2 

has  a  unique  solution  uT,  in  H0  for  each   V_  in  FL  and  also  one  in 

i\  c  it  2 

"':"C^  '        for  each  VR     in     \  ^     .     Thus,   if     f    e    C.       and     u     is  any  solution  of 

(3.1.1)   in  Hp(EL)    ,  then     us  'G       (B,.)    •     A  corresponding  program  is  possible 

for  functions     u     on     G^     which  vanish  along     o^    . 

T.Te  define  the  auxiliary  space      "C~     to  consist   of  all     f   s     L0(B   )      such 

ti  2     it 

that     f    s    d  (ED)      for  each     r  <  R     and  for  which 

A, 

*|||f  ||£  =  r,:ax  [||fi)^R  ,   sup    (R  -  r)T+li  yf,  B^  ]  <   cd    . 

LEEMA  3.U.1:     If     K     is  hawnonic  and    e  H"(CL)     and  vanishes  along     o-,     and  if 
^        i£  extended  "^£  the  lower  hall   of     Br,     by  formula    (3.2.2),  then     H     is 
harmonic  on     R,     and    sThJ^BJ    j   if     I-I  6  R;:(G0)    ,  then     H  s  H^(B,)    . 

Proof:     For  if  V   s    C](B _)   ,   then 
c     il      J 

\  V  H,a  dx     =    \  M,a  H,a  dx  =  °     '  Khere 

w(x^,  x^)     =     v(x^,   x^)   -  v(-x^   x'   ) 

and     w  =  0     on     "^CL    . 


THCOrJli  3.U.1:     If    H     is  harmonic  and    s  H.(B   )    ,  then     H  e  *C2+lti(Bj     and 

-  2 

PROOF.  Since   v'  H  is  harmonic,  it  follows  from  Exercise  2,  §  1.2,  that 

IV3H(x)j  <  C(-y))-W2nf2>n  ■   U  -  |x|)-'t-1  <  C'!|H!|R-(R  -  r)-T*(r-|x|)'t-1J  xeBj 
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frora  which  the  result  follows  as  in  the  proof  of  Theorem  1. 

TH-jOHHI  3.i-!.2:     The  t r an s f o rm a t i o n     u  =  PR(f)     is  a  bounded  operator  from 

"  jj  ■>«■  2+u 

%     into     "CL         with  bounded  independent  of     K  . 

Proof:  P  (f)    e  H2(BR)     with    '||  P   (f)  ||2  R  <  C||f||?  R     by  Theorem  2.6.2  and  our 

definition  when     "^=  2   .     For  each     r     with     0  <  r  <  R  ,  let     r     =   (r  +  R)/2     and 

let     £,  (x)    =  f(x)      on     B  i.  f,(x)   =0     elsewhere,     f0(x)    =   f(x)    -  f,  (x)    ,   and 
J.  r         x  c  J. 

let     iL    =  B>(0     for     k  =  1,   2.     Then  from  the  corollary  to  Theorem  l.S.ii,   it 
follows  that     ll  s    C2+kX(E  i)     with 

(3J...5)  Vl^i,   Bp)   <  ^(Li,  y  ).yf,   Bp0  <  ^(R-r)"^  K,   K  =  *|||  f\fR. 

Since     f     =  0     in     B  ,    ,   u0     is  harmonic  there  and     u    e    II  (B  , )     with 

•«u2l|^  <   c3||f|°jR 

From  Theorem  3.1ul.  it  follows  that  u„  e  C  "^(B  )  with 

9  2  r 

C3.U.6)  \d\  Br)  £CH(li.,v)K  R-r)"^,  K     =    *||f  |||£  . 

The  result  follows  from  (3.U.?)   and   (3.U.6) 

LEfoMA  3.U.2:     There  are  constants     CI  (ti,-^)     such  that 

(a)  »|  f  ||°     <     C,_  *||f  ||^.(R  -rf\  0  <  r  <  R  ,   t   C    ^ 

(b)  «I72u(X)|||°    <     ClK.(a  -  r)"T  ,  y?u,   Br)     <     C2K(R  -  r)1"^'  , 
|||7u(x)|lP    <     C3K#(R  -  r)1^  ,  h^u,   Br)     <     CjR(R  -  r)1-^   , 

||u  (x)  |°    <  CjKR^CR  .  r)1"^   ,  0  <  p  <  R  ,  u  X  *c£*  • 
Proof:    We  prove   (b);  the  proof  of  (a)   is  similar.     Writing 

72u(x)     -     V2u(Z)  -  C\/2u(0   -V2u(x)],  x  e  Bpf5  e  B(x,  f>) ,  f>  =  (H-r)/2 
and  applying  the  Schwarz  and  Minkowski  Inequalities  over    B(x,  p)   ,  we  obtain 
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y 4fY\  V2u(.)  <  i! V 2u|g  ♦   k  f^  r^ffy* 

from  uhich  the  inequality  for      [|Jv   uj|j        follows.     Since 

|V2u(x)|     <     CjK    .(R  -    |x|)"*     <     G,K(R  -  rf^^Cr  -    \x\f~1,   xs   Br, 


the  result  for     h  (^?u,   B  )     follows   (see  the  proof  of  Theorem  1.5>«U).     The  re- 
maining inequalities   follow  by  using  similar  tricks. 

THUORETi  3.L-.3:     Suppose     aa-\   ba,   and     c   e     CLX (jL   )     with     aQ3(0)    =  6^. 
Then  there  lis  a  number     R,     with     0  <  R,    <  Rn     such  that  if    0  <  R  <  7L  , 
f    s    ""(/(B^)    ,   u   s    H  (B  )     and     u     is  a  solution  of  (3.1.1)     on     B  ,   then 


r.2-V 


u5    ^'       (B^     and 


*|||u|||^     <     C[*||Lu||£     +      '||  u   ||^R] 


where     (J     a 


depends  on    U,  -|i-:,     and  the  bounds  and  Holder  constants  of  the 
coefficients. 

Proof:     As  an  operator  on     H-(BR)     and     ";:"C"     (B~)    ,  T..     is  easily  seen  from 
(3. lull) >  Lemma  3.U.2,   and  Theorem  3.U.2,  to  have  a  bound     <     CR       for    R  <  Rn 
and  so  its  bound  in  either  space  is     <  1/2     if    0  <  R  <     some     R     <  R     .     Thus 
if    f   e    *<?,  ?At)  e  *C2^     with    *mP.f|||2ni     <     CL  k,-tf)*l|  f  If    .     Moreover 
't^l,R^4,Z     S°    '^li'^MIul2        so     4V*Cf     with     *|||Hal||2^ 


<     C  (y-,^)«  '||u|!2   R  s     so  that     vR  e  *C^     with 

where  C   depends  on  the  quantities  stated.  If  0  <  R  <  R.  ,  there  is  a  unique 

solution  u..  in  H_    of  equation  (3.U.3)  and  also  one  in  w0w   «  so  these 
a  2 1  tt  it 

must  coincide.  Thus  u  «  il  +  L  e  C   (B.,)  and  the  inequality  holds. 

A  similar  program  can  be  carried  through  on  hemispheres  GD  .  We  define 
the  space  *C   (GR)  to  consist  of  all  u  e  ^p(G-?)  which  vanish  along  o£ 
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aad  have  finite  norm  as  defined  by  (3.U.2)   with     G       replacing     B     .     We  define 

the  snace     "^"Gn)      as  before  with     G       replacing     B     :  we  do  not  require     f     to 

R  r  to       r  ' 

b3  zero  along     cr*    .     l\Te  define 
u  =  P~(f)     for     f   e     Gn     by 

ri  ft 


-u(x)   =/a  [KQ(x  -  *)    -  K0(x'    -  %))   ffe)d  ,    ((x^,   Xy  =   (-x^,x*    )) 

(3.U.7) 

=  /BR  KQ(x  -4)f(^)d^-  2/G-.K0(x  -?)fU)dt  , 

R 

where     f     is  ex-tended  to     G~     by  the  formula 

(3.U.8)  f(x^   x\)   -  f(-x^,  x' ')         for     x^<  0  . 

Then     T_     is  defined  by  (3.U.U)    . 
it 

THEGRM  3.U.1*:     (a)     If    H     is  harmonic,     H  e  OG-)   ,  and     H    vanishes 

—  —  ■....,...  ,  .  ^     ft         - , ,,  ,  ..,. 

along     cr        then     H  s  *C       (G0)     and 

*!!lH|l!ni<    0{n,v')|H|^H    . 

(b)  Theorem  3.ir.2  holds  with  the   current  interpretation. 

Proof:     Part   (a)  follows  from  Lemma  3.U.1  and  Theorem  3.U.I.     To  prove   (b) , 
we  note  from  (3.1.7),    (3.1*. 8),  and  Theorem  2.6.2  that     P^(u)   e   Kq(CL)     and     u 

ii  c.      xt 


^rA1/^     \         xi x>       -      ^nlL 


vanishes  along     c£   .     If     f  e   'v  (G  ),  then     f    6    /rC   (BR)     so  the  inequalities 
hold   for  it.     To  handle  the  integral  over     GR  ,  we  break  up     f  a  f     +  f      as 
before  and  let     u      be  the  corresponding  integral.     As  before,     u~     is  harmonic 
on     B  t     and  so  satisfies  the  desired  inequalities.     Finally,   if     a  <  V 

-ul,cpY(x)   =  "2f(x)  V.  V?Y(X  -  &*  -  2yG-.K05aBr(X  "  « )  tf(«)-f (x)  ]<§ 
(3.14.8)  r  r 

-  2f(x)/r      K0)pr  (x  -5)d5;  -  2V,Ko,apY(x  -«H*«>-*W]* 
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so  that 

K,apY(x)   2  C1K,(R  "  rrT(r'    *    |x|rl   +  ¥(R  *  r>"THL-(x^"1 
<  GK(R  -  rrT"^[d(x,9Gr)  f'1  ,     if    a  <^ 

But,  since     u,      is  harmonic,  the  same  inequality  holds  for     u~     .«._%•     The  bound 
on     h  (  V  u,   G  )      follows  as  in  the  proof  of  Theorem  1. 

LEMMA  3.U..3:     The  inequalities  of  Lemma  3.U.2  hold. 

THEORI  .   3..U.5:     Theorem  3*h.3  holds  with     Bl     replaced  by    G_    ,  provided  we 

■    '    '  ■■-  — —       ft      "•  ■  •"  —       ft        •  - '  '  •  — 

assume  also  that     u  =  0     along     or;    . 

•— -■ "  ■    ■    '  ft 

The  proof  is  the  same  as  that  of  Theorem  3.U.3. 

THEOREM  3.U.6:     Suppose     G    is  of  class     C2"^   ,  the     aa^,   ba,   and     c  s  C^(G), 
and  the     a  *      satisfy  (3.1.2).     Then  the  conclusions  of  Theorem  3.3.3  hold.     In 
addition  any  solution  of  (3.1.1)   in  which     f    s    6  (G)e  C       (G)     whether    X  e  Jtp 
or  not.     Finally,   if     c(x)   <  0     on     G,  then    X      may  be  taken  equal  to     0     in 
Theorem.  3.3.3,   and  there  is  a  constant     0  ,  which  depends  only  on     G,  ]x9  "\>  h, 
and  the  bounds  and  Holder  constants  of  the   coefficients,   such  that 

lu|||G<C»Lu|°jG,    |!|u|I^<G|i|Lu|!|^ 

for     u  e  Hp(G)     and     C       (G),   respectively. 

Proof:     The  proofs  of  the  first  two  statements  have  been  given.     If    u  e  H  (G) 
and    Lu  +  Xu  ■  0     with    X  >  0   ,   then     u  e  C       (G)    .      But     if     c(x)   <  0  ,  we 
conclude  from  the  Maximum  Principle   (Theorem  1.6.2)  that     u  *  0   .     To  see  that 

the   constant  exists,   suppose  the  contrary.     Then  there  exists  a  sequence  of 

2  2 

operators     L       and  functions     u       such  that      II  u   IL  a  1   ,   u    — 7    in     Ho3c   (x)  <  0 
v  n  n  "     n"2  '     n       '  29  n        - 

a3      a3   a      a  — 

for  each  n  ,  and  the  a   >  a  :  ,  b  >  b  ,  and  c  — >  c  uniformly  on  G  , 

'  n  3     m  5  n  J  ' 

and    L  u    >  0     in    L.   ,     Then,   since     L  u    — 7    Lu    in    L„   ,  we  see  that 

nn  2  n  n       '  2  ' 
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Lu  =  0   ,   so     u  =  0   .      But  then     u     >  u     in     Lrt     so      II u    L >  0     on  account 

5  n  2       n"2 

of  Theorem  3.3.1. 

Now,  suppose  Lu  s  Cr  (G)  .  From  Theorems  3.U.3  and  3. <-!••£  and  the  argument 
in  the  first  paragraph  of  the  proof  of  Theorem  3.3.1,  it  follows  that  there  is 
a  constant  C  ,  depending  only  on  the  quantities  stated,  and  that  each  point  of 
G  is  in  a  neighborhood  or  boundary  neighborhood  N  such  that 

«iu|!!^l<c[||iLufG    *    ||u||22)G] 

The  second  result  then  follows. 

REMARKS:     Local  differentiability  properties  analogous  to  those  stated  in 
Theorem  3.2.U  hold. 

3.5.     Hi r:her  differentiability.     In  this  section,  we  show  that  additional 

differentiability  of  the  coefficients  and  of     f     near  an  interior  point  implies 

additional  differentiability  of  any  solution     u     of  (3.1.1) j   and  if  the  point 

is  on    ;:G     and     u    vanishes  along  a  smooth  part  of  '},G  ,  then     u    possesses 

additional  differentiabilitjr  in  a  boundary  neighborhood.     We  begin  by  proving 

this  for  spheres  or  hemispheres  and  pass  to  the  general   case  by  mappings.     The 

method  of  proof  in  these  special  cases  involves  boundedness  theorems  and  the 

difference  quotient  procedure  of  §  3.2. 

2  2 

LEMMA  3.5.1:     Suppose    u  e  H0(B   )   ,   or     u  e  H  (G  )     and  vanishes  along     o^ 

Then  there  is  a  constant     C  ■   C(-^J)      such  that 

||Vu|r  <  e(S  -  r)|U-2u!^  ♦  0  e  ^(H  -  r)"1^^,  0  <  e  <  1  , 
||     =    ||  (k ||       on     B       or     G       as  the  case  may  be. 
Proof;     Let     £(x)   =  h[(|x|    -  r)/(R  -  r) ]    .     Then 

fr     ^W^dr.  =  fr     ~     (£2U     )dx     =     -/      u  -(K2b  u  +  2££  „  u  Jdx 


R 
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<  ^(*  -  r)2||V2u«|    *  V-(U*j)_1(a  -  r)-2||u|||  +    |||  ltfu|| 

*    C^R  -  r)"2J  u  II2 

for  any    <T)>  0  .     The  result  follows  by  transposing  the  term    »||  £^u|L     to 
the  left  side  and  noticing  that 

||Vu||r<  Isyu|H. 

LEMMA  3.5.2:     Suppose  that  u  e  ^\)     with     /\(ii)  C  B^  ,   or    u  e  H2(G  ) 

with     A(u)  0Br,     and     u     vanishes  along     ot,   .     Then 
—  ■  —  ft     — --•  " - ■"" it         •-  ■  — 

(3.5.1)  11^11°    -     |-&i|° 

Proof:  we  first  prove  this  for  B.D  .  Let  u  be  the  Fourier  transform  of 

—————  ft 

u: 

u(y)     «     (2tt)-V/2/.     eix*y  u(x)dx 

uft 

Then  (3.5.1)   follows  from  the  Plancherel  theorem.     The  theorem  follows  for    Gn 

ft 

by  reflecting    u    across     o£     by  formula  (3.3.2). 

THEOREM  3.5.1:     Suppose  the  coefficients-   a™  ,  b     I   and     c    s atisfy  the 

hypotheses  of  section  3.3     on     Bu       with    a™  (0)   ■  6™    .     Then  there  is  an    R- 

0 
with    0  <  YL    <  R  ,  which  depends  only  on  the  bounds  for  the     b       and     c     and 

the  moduli  of  continuity  of  the     a™      ,   such  that  if     u     satisfies  the  hypo- 


theses of  Lemma  3.5.2,  then 


IIV2u||°     <     2«Lu||° 


Proof:     For,  from  Lemma  3.5.2,  we  conclude  that 
IK2^  -   II  -MP2  <     II  Lu£  ♦   Kaap  -  a* )u^  ♦     bau^ a     ♦     cu  ||° 

<  1  Lu||°     +     [s(r)  +  m  +  d2]    ||V2u  || °  ,  lim  e(R)   =0 


R  ->0 
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Clearly    e  (R)  +  BR  +  CR2  <  1/2     if    R     is  small. 

THEOREM  3.5.2:     Suppose  the  coefficients  satisfy  the  conditions  of  Theorem 

o 

3.5.1     and    0  <  R  <  R,    .     S uppose  that     (a)     u  e  Lp(BR)     and     u  e   H  (B  )     for 

2 
each    r  <  R  ,   or     (b)     u  c  L  (G )     and     u  e   H_(G  )     for  each    r  <  R    and 

vanishes  along    c£   .     Then  there  is  a     C  =>  C(y)     such  that 

(3.5.2)  H\72u||r  <  KU  -  r)*"2  ,    ||\?u||r  <  K(R  -  r)"1,  where 

K   -  C  .[R2||Lu   ||R    *      ||  u   |R] 

Proof:     It  is  sufficient  to  prove  this  for    r  >  R/2  .     First  choose 

r  ,  r  <  r     <  R  ,  and  define 

KU)     *    h[(|x[  -  r)/(r'    -  r)]   ,  U  «^u 

Then    U    satisfies  the  hypotheses  of  Theorem  3.5.1  and 

(3.5.3)  LU  -  ^u  -  2a°P  *„   ii       -  (a°P  £-    +  ba£     )  a 

From  Theorem  3.5.2  (and  the  fact  that     r'   <  ft.   <  Rft     and     r  >  r     /2)     we  conclude 

that 

(3.5.U)      ||\72u||r<  |K/2U||r,  <  2[||  ML   +  3h1»vu||  ,-(r'   •  r)**  j^M^-C**)-*] 

To  prove  (3.5.2),  let     R1     be  any  number     r  <  R*   <  R  ,  let     r'    *  r  +  5  , 
r"   =  r  +  26,  R1    =  r  +  36     and  let 

K-    «  max  (R1    -  r)2||V2u|l    . 

0<r<R  r 

Then  from  (3.5. h)   and  Lemma  3.5.1,  we  conclude  that 

||^u|^<  2[  ||  Lu|L   ♦  3^  e    ||V2u  Ih,     ♦  (|  ^  ♦  31^0  E"1)  ||  u  I^S"2] 

If  we  choose     e     so  that     Shh.   e  <  1/2  ,  i*e  conclude  that 
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(R'   -  r)2||'<72u||r  <    |  Kj_  +  2 1|  Lu   ||  ,H2+  1B(|  ^  ♦  l^Cf1) 

Thus  we   obtain 


ut,  „ 


7H<V»'  -')    •  %  -^[liul^-  a<  +  |u||R] 

From  Lc-iru.ia  3.5.1,  wo   conclude  that   (3.5.2)   holds  for     R1     with  a  fixed     C 
independent  of    R     .     We  may  then  allow    R     — >  R  . 

THEOREM  3.5.3:     Suppose  the  coefficients  and     f     satisfy  the  conditions 
above  on     B„       o£     Gn       and ,   in  addition,   suppose     0  <  R  <  R.    <  R       and  that 

aa?   ,   ba,  and     c  8    C^(BR)     or     C^(GR)     and     f    s    ^(B^)      or     H^(GR)      as  re- 

2  2 

quired  below.     Suppose     that   (a)      u   £   H?(ER)      or     (b)      u    £.   K?(GR)      and 

vanishes  along     o%     and  satisfies   (3.1.1)  with    \  =  0     in  either  case.     Then 

u  e   EL(B   )     in  (a)   or     H'(G  )     in  (b)    for  each     r  <  R     and  the  derivatives 
2     r      —  —      2     r      — 

u         satisfy  the  differentiated  equations. 

Proof:     We  first  prove  this  for     EL    .     Suppose    0  <  r  <  R  ,   36  3  R  -  r  , 
r'  =r  +  5,r  =  r  +  25.     Suppose     l<Y<v,0<|h|<5,eA      is  the  unit 
vector  in  the     xY    direction,  and  we  define 

u  (x)  «  h~  [u(x  +  he  )  -  u(x)] 

rrO. 

with  similar  definitions  for  a  '  ,  etc.  Forming  the  corresponding  difference 

quotient  of  equation  (3.1.1)  with  X  =  0  ,  we  obtain 

Luh(x)  =  Fh(x)  ,    where 
(3.5.5) 

Fh(x)  -  fh(x)  +  ajf(x)  u^(x  +  heY)  +  bj(x)u^(x  +  he^+c^MuU+hc^) 

i'rom  {3*S*6),  Lemma  2.Lul,   etc,,  we  see  that 

(3.5.6)       u,    — ->  u       ,  F,    -— >  F=f  +  aa^u^)+bau       +  c     u     in    L_(B  „). 
h  ,Y  '     h  ,Y     ,ap  ,y  ,a         ,y  2     r" 

Accordingly,  we  see  from  Theorem  3.5.2  that  the     u,      form  a  Cauchy  family 
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in  H  (E  )  which,  from  (3. 5.6),  must  have  u    as  a  limit.  This  proves  the 

theorem  for  B  . 

r 

In  the   case  of     Gp   ,  the-  procedure   above  applies   for  each     y  ''^"v1"  1     over 

the  whole  of     Gp     and  for    y  =    V  on  any  part  of     GR     where     y"^  >  e  >  0   . 

From  this,  we   conclude  that  all  the  third  derivatives  except     u  v)y  V  s  k«(G  ) 

for     r  <  R     and  that     u     v     satisfies  the  differentiated  equation  on  the  interior 

of     G-,    .     Since     a  K  K  is  nearly     1   ,  we   can  solve  for     u     ,  ^  ,  n ,    in  terms  of  the 
it  '  ,V  v   V 

2 
other  derivatives,  we  see  that  it  also       e  L.(G  )     so  that     u  also     e  Hrt(G  ) 

t.     r  ,y  2     r 

for  each     r  <  R  . 

THEOREM  3.5.hi     If,   in  Theorem  3,5.3,  the  coefficients  and  ffCf(BR),  or  C!(oQ| 

then     uk     C  (B  )      or     C  (G  )       respectively,   for     r  <  R  . 
*-     \x     r       —      u.     r         ' —    

2  2 

Proof :     For,  by  Theorem  3.U.3,  we  see  first  that     u    e    C   (B  „)     or     C   (G  „)  , 

V-     r  V'     r 

using  the  notation  of  the  proof  above.     Applying  the  difference  quotient  pro- 
cedure,  we  see  that     F,      converges  uniformly  on     B   ,      (or     G  »)     to     F     as 

0  r  p 

defined  in     (3.5.6)     with     III  F,  |||        uniformly  bounded.     Then     u         satisfies 

III  J^    .11^  «  y 

0  2/ 

an  equation  Lu   =  F  where  F  6  C  ,  so  that  u   s  C  (B  )  .  The  case  for 

,Y  V-   9  ,Y        V     r' 

GR     is  similar. 

It  is  clear  that  the  processes  above  may  be  repeated  and  it  is   also   clear 
what  tripes  of  results  hold  for  solutions  of     (3.1.1)    on  smooth  domains.     For 
example,  we  state: 

Suppose  the   coefficients  and     f    e    C  (G)     where     G    isof  class     (?*       , 
0  <  fci  <  1   ,   and  suppose     u    e    H  (G)        H?n(G)     and  satisfies   (3.1.1)     almost 
everywhere  on     0     for  some     X   .     Then     u   e    CJ      ( G)      and     u     vanishes  on    "^  G 
in  the  ordinary  sense. 

3,6,     Lower-order  differentiability.     Developments   corresponding  to  those 
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in  §  3.1l  can  be   carried  out  for  the  equations   (3.1.10.     The  idea   is  to   restrict 
consideratior  to  the   case  where 

(3.6.1)  a°P(0)  =  6a-B 

?nd  to  write 

(3.6.2)  u  =  uR  +  H^ 

where     H^     is  harmonic.     Then     tu     must  satisfy  the  equation 

(3.6.})       A  {v     [6aP  u         +  (aa^   -  6a^)u  R  +  bau  +  ea]  +  v(cau  n   +  du  +f)j   be  -  0, 
Lr       ,a  h.,3  ,p  ,a 

for  all     v    e    HpQ(G)    ,  where     G  *  B^     or     CL    .     In  the  case  of    3^   ,  we  take 

(3.6. h)       \  a  QR[(a  -  aQ)-^u  +  bu  +  e]   +  PR[c   •  Vn  +  du  +  f  ] 

where     we     Qu(E)     denotes  the  quasi -potential  of  the  vector  of     E     as  defined 
in  (2.6.1)   and  P^fl1')     is  the  potential  of     F     as  modified  before  in  case 
V   -  2   .     Then,  as  before, 

(3.6.5)  uR  -  T,  uR  =  vR 

where 

Va  =  %[(a  *  a0}    *  VuR  +  V      +  PR   [c    •    ^UH  +  duR] 

vD  =  Qn[(a  -a.)    •  Va,  +  bit,  +  e]  +  P.,[c  •  Vh,  +  da,  +  f]   . 

p\  It,  (J  -l\  11  tt  it  It 

Then  it  is  desirable  to  introduce  the  .spaces       C       {B ,)   ,     C  (R,)   ,   and 

""It  (Bp)     with  norms   (for       ||  u  |j      ,    see   Theorem  2,5»U) 
a  2 

*||uj|**   =  max  ['|n^R  ,     aq>      (3  -  r)T+li  h^Vu,   EO  ]  , 
(3.6.7)       -"1|cj|lR    =    max[||e|!°jRJ     sup     (a  -  rf*\U,   Bj  ]  , 
*'  |!|  f  ||fR  =  max  [  ||  f   ||°       ,     sup  R* (R  -  r)Y*  ||  f  |||°  ]  , 


where  the  required  continuity  is  implied  except  in  the  case  of     *tr*     where     f 
is  merely  bounded  and  measurable  on  each     B      and      ||!f|||        is  its  essential 
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sup .     there.     Then  one-  can  prove  the-  lemmas  and  theorem ; 

LEI  IMA  3.6.1:     ( a )     QR     is  a  bounded  operator  from     *C11  ( B  a )     to     '•  C1  "^  ( BR ) 
Ti&th  bound  independent  of     R  • 

(b)     P^     is  a  bounded  operator  from     *#    Jbo     *"C  "^     with  a 
bound  of  the  form     C(|ij^)*R  . 

LIS  IMA  3.6.2:     There  are  constants     C,  (-!,;)      such  that 

to        II  *  11°  <  ^-(fl  -  r)"T  ,  0  <  r  <  R  ,   oe  *# ,  K]_   =  •:t|!|c||i'i   , 

(b)        J!  V  u|||°  <  ClK2(R  -  r)"T  ,   y«,   Er)   <  C2K2(R  -  r)1"^    , 

(o)        II  "III  °  <  C3K/(R  -  r)1"^1   ,  u  s  V*   ,  K2  -  *  !!!  u  !|| 1+l1 ,  *  -  V/2  . 


1/TJ     ^  4-1™        U    -      ^"H1 


and 


TEIOrtEM"  "3.6.1:     If     H    is  haraonic  and    eH^(B J    s  then     He   *C  "^(B^) 

*HIh|£*  <  ocH,^yi!  h 

Note  also  Theorem  3.U.I. 

THEOREM  3.6,2:     Suppose  the  coefficients  satisfy  the  conditions  of  §     3.1 


on     R,       0-l2&}  ip  addition  that 
rt0 


|a(x2)    -  aC^)  !   <  A,L\yi2  -  :a,  ;L"   ,    IbU^-b^)  |   <  Rjv*!*    ,  0  <  V  <  1 

on     8,     .     Then  there  is  rn     R?    "id  th     0  <  Rp  <  R     ,  which  depends  only  on    y., 
l)>   rjic^  the  bounds  and  Holder  constants   for  the  coefficients,   such  that 
^IJTJI1^    <     1/2     if     0  <  R<R2   .     ' 

For  the  case   of     CL   ,   the  corresponding  program  can  be  carried  through; 

it  is  necessary  to  restrict  attention  to   functions     u    which  vanish  along     d.    , 

d 

The   so  aces  arc  defined  as  above  with     G       replacing     B  ,  u  =  0     along     c£     in 

r        l  6      T?  b      R 

the   case     *C  .     Then,   for     e     end     f   s    L   (Q  )    ,  uc  define     u  =  Qo(e)     an(* 


2V  R'    '         —     -      ^ 


v  ■  P.,(f)     by  the  formulas 
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(3.6.8) 

v(x)     *    /      KQ(x  -    ^)f(^)  d£     -     2  /cr  KQ(x  -  5  )ffe  )  d£ 


%    0^  -    -     ^  *GE 


a 


where  the     e       and     f     have  been  extended  to     GR     by  the  formulas 

ea(x^,  x"   )     =     ea(-xV,  x    ),  a  .  1,   ...,  ^,  f(*^,x^)   =  f(«1,,xV)) 

Then  the  reader  can  prove  the  corresponding  lemmas  3.6.1     ,   etc.,     for  the 
functions     on     G~   • 


ECSRCISES 
1.     Prove  Lemma  3.6.1  (a).  2.     Prove  Lemma  3.6.1   (b). 

3.     Prove  Lemma  3.6.2  (a).  h.     Prove  Lemma  3.6.2  (b) . 

5.     Prove  Theorem  3.6.1.  6.     Prove  Theorem  3.6.2. 

7.  Prove  Lemma  3.6.1   (a);   note  that     Qr,(e)  must  =»  0     on     o^ 

8.  Prove  Lemma  3.6.1   (b).  9.     Prove  Theorem  3.6.2  . 
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CHAPTER  k 
MULTIPLE  INTEGRA.I5  IN  THE  CALCULUS  OF   VARIATIONS 

U.l.     Introduction.     Interest  in  the  calculus  of  variations  was  aroused 
by  various  problems     in  mechanics  and  geometry  some  of  which  were  very  old. 
Interest  was  heightened  by  Hamilton^  Principle  in  mechanics.     Ihe  solution  of 
these  problems  involved  the  determination  of   that  function  (or  vector  function) 
z     which  minimizes   (or  at  least   gives  a  stationary  value  to)  an  integral 

(U.1.1)  Kz^Y6  f[x,  z(x),  z'(x)]dx 

a 

where     x    denotes  a  single  variable.     ftLemann  aroused  interest  in  a  corresponding 

type  of  integral  involving  two  independent  variables  when  he  discovered  many  in- 

teresting  results  in  function  theory  by  assuming  that  the  so-called  Dirichlet 

integral   (see  §  2.2)  had  a  minimum  with  given  boundary  values.     Unfortunately, 

this  matter  was  not  cleared  up  until  about  1900  by  Hilbert  who  proved  that  this 

was  true  under  certain  conditions. 

Niemann's  idea  was  based  on  the  fact  that  the  Euler  equation  (see  below) 

for  the  Dirichlet  integral  is  just  Laplace's  equation.     The  Euler  equation  for 

a  solution  of  a  problem 

(U.I. 2)  //f[x,  y,  z(s,  y)z   (x,  y)z   (x,  y)]dxdy  *  min. 

G  x  y 

is  derived  as  follows:     Let  us  assume  that    f     is  of  class     C  ,  G    is  of  class 

C     ,  and  the  minimizing  function    z     is  of  class     c"  .     Let     £(x,  y)     be  of 

class     C       and  vanish  on     OQ  •     Then,   for  each     X  ,  z   +  X£    has  the  given 

boundary  values.     Since     z     is  minimizing,  the  function 


(U.1.3)  *P 00   -  //  f  (x,  y,   z   +  \Z,  zv  +  \Z>  z     +  XC  Jdxdy 

must  have  a  minimum  at     \  «  0  •     Thus  we  must  have 

(U.1.U)  f   '(0)   =  0  =  Jf  (fzK  +  fp^x  +  fq£y)  dxdy  , 
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where 

f  =  f(x3   y,   z,  p,   q),  fz     means     f^x,  y,   z(x,  y),   zx(x,  y),   z   (x,  y)],   etc. 

Since    f     and     z     are  of  class     C1    ,  we  ma y  apply  Green's  theorem  to  obtain 

fc.i.5)  //a/,-  gfp-|  iq]d*  -  o 

for  every     £     of  class  C      which  vanishes  on     ""Sg  •     EJy  approximations,    (lul»5) 
holds  for  all     £     in     L,  (G)     which  do  nob  have  to  vanish  on     3g  •     It  follows 


that     z     must  satisfy 


a-1*6*  #c  fp  +  #  fq     ■    f 


3_  *•     A  _i^ 

z 


2         2 

which  reduces  to  Laplace's  equation  iff     *  p     +  q     .     It  is  clear  how  to 

derive  Euler's  equation  corresponding  to  an  integral   involving  more   (or  fewer) 
variables     x     and  more  variables     z  • 

This  derivation  requires    (1)  that  there  is  a  minimizing  function  and  (2) 
that  it  be  of  class     C       on     G  •      That  there  may  not  always  be  a  minimizing 
function  is  seen  by  the  following  example  for  one  function     z     of  one  variable 
x  : 

l(z)   -  £  (1  +  z/2)1/U  dx  ,   z(0)   -  0,   z(l)   =  1  . 

Since  the  integrand     >  1    for  every    z     of  class     c'     with  the  given  boundary 

values,     l(z)   >  1    for  all  admitted     z    •     But  suppose  we  define 

0  ,  0  <  x  <  r 

Z(X)  *  2  2  I/2  *       0  <r  <1  . 

-1  +[1  +  3   (x  -  r)  /(l  -  r)   ]         ,  r  <  x  <  1 

For  this  function     z  , 

Kb)   <    Z1  [1  +  9/(1  -  r)2]1/Udx  +  r  <  r  +  101/U(1  -  r)1/2 
~     r  - 

which  can  be  made  arbitrarily  close  to     1     by  taking    r     close  enough  to     1  • 

Another  difficulty  which  arises  in  the  Dirichlet  problem  is  the  fact  that 
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there  can  be  continuous  boundary  values  for  which  the  Dirichlet  integral  cannot 
be  finite.  From  what  we  now  know,  the  harmonic  function  minimizes  the  Dirichlet 
integral  whenever  that  is  finite.  Any  harmonic  function  on  3(0,  1)  can  be 

represented  by  a  series 

a~    © 
0    "~   n 
(U.1.7)        u  *  -7T  +   /  r  (a     cos  n  6  +  b  sin  n  6) 

2     *--     n  n 

n=l 

which  converges  absolutely-uhiformly  with  all  its  derivative   series  for    r  <  1  . 

Its  Dirichlet  integral  over     B(0,   1)     is  found  to  be 

(U.1.8)  D(u,  3.)   =tt  I     n(a2  +  b*  ) 

1  n=l         n         n 


If  we  set 

<p(e)    -    -~  +      ~     if*  cos(nie) 


a^  co         0 


n=l 
see   that    6k   is  continuous  but  if     u(l,  0)    »  ^f(S)   and     u     is  harmonic 


we 


D(u,  3,)   =tr    >     n"u   •  ni 


n~l 


which  diverges. 


We  now  have  a  condition  en     f     which  is  ne cesrirry  if     f     is  to  have  a  mini- 
mizing function  of  class     C1  :     Let  us  assume  that     f    is  of  class     C1     and.     z 
is  of  class     C!      and  minimizes     I(z)      among  functions  with  the  same  boundary 
values.     Then  if      j  (X)      is  defined  by  (U»l«3)j  we  must  have 

T"(0)   =  //  U(x,   y)^  +  2b^  +  c^   +  2d'CK^    +  2e<%y    +  £2Jdxdy     >    0  , 

(1.1.9) 

a  =  -pp^x>  lf>   z(x*  y)zx(x,  y),   zy(x,   y)]   ,  b  =  f     ,   c   =  fqq,   etc., 

for  every     £    of  class     C*     which  vanishes  on     9  G  .     By  approximations,    this 
must  hold  for  all  Lipschitz     £    which  vanish  on     9G  .     We  note  that  the  co- 
efficients    a,   b,    ...,     are  continuous.     Wow,   let     (x  ,  y  )  £  G    and  choose 
(\}Y\)     axes  with  origin  at     P  (x~9  7C)     obtained  by  rotating  through  an  angle 
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9    and  let     X  ■  cos  9  ,  ^  ■  sin  0  •     Choose  a  rectangle     R    with  short  side 
2h||£   axis  and  long  side     2H||  y     axis     and  center  at     P0     and  which  lies  in 
G  •     Divide  this   into  triangles  by  its  diagonals  and  let    £    be  the  unique 
function  which  is  continuous  on    G,  0     outside     R  ,   linear  on  each  triangle  of 

M. 

R,  and  equal  to     h     at     Pn  •     If  we  form    j     (0)     for  that    £  ,   choose  sequences 
Jh  i    and     f H  ^r     — >  0     so  that     (h  /H  )  — >  0  ,  divide  by     (h  H  /2)     and  pass 
to  the  limit ,  we  obtain  the  result  that 

(U.1.10)  fppX2  +  2fm\x  *  fqq^2  >  0  ,  tpp  -  a(x0,y0),  etc., 

for  all    X,  ^  •     If  this  were  to  hold  for  all     (x,  y,  z,  p,  q),  it  would  follow 
that    f     would  be  convex  in     (p,  q)     for  each     (x,  y,   z)   • 

We  shall  consider,  in  this  chapter,  integrals  of  the  form 

(ii.1.11)  I(z,  Q)  «/Gf(x,  z,7z)dx, 

where  f  (x,  z,  p)  is  continuous  in  its  arguments 

x  =  (x  ,  ...,  x  )  ,  z  *  (z  ,  ...,  z  ),  p ■  ■  {p^}  ,  i  *  1,  ...,  N;  a  »  l,.../4^. 

If  we  assume  that    f     is  of  class  C       and  repeat  the  argument  of  the  preceding 
section  (modified  properly)  we  conclude  that,   if  the  vector     z     is  of  class  C* 

in  G  and  minimizes  I(z)  , 

(1.1.12)  fpipj   [x0,   z(xQ),  Vx(x0)JXaX^i?°     >    0  ,  xQe   G 

TvT 

for  all  vectors     X  =  (X^,    . ..,  X-j)     and    €"(€*•••*€)«     £f     N  «  1  ,  this 


becomes 


*-     \\  z  ° 


which  implies  that  f  is  convex  in  p  for  each  (x,  z)  if  it  holds  for  all 
(x,  z,  p)  .  The  condition  (U.1.12)  does  not  imply  convexity  in  all  the  variables 
p   taken  together  and  not  much  is  known  about  integrals  subject  only  to  that 
condition. 
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DEFINITION:  A  variational  problem  in  which  f  satisfies  (It. 1.12)  with 
the  equality  excluded  for  all  \  ■)=  0  ,  £  £  0  ,  and  all  (x,  z,  p)  is  called 

regular.  « 

REMARK:  V/e  shall  see  that  the  Euler  equations  for  a  regular  variational 
problem  are  elliptic. 

a. 2.  Some  lower -semicontinuity  and  existence  theorems .  In  this  section 
we  consider  integrals  (U.l.ll)  in  which  f(x,  a,  p)  is  convex  in  all  the 
variables  p  ,  G  is  bounded  and  of  class  Cr  ,  and 

(U.2.1)         f(x,  z,  p)  >fQ(p)  ,  lim   fQ(p)/|p|  =  +  oo, 

;o  ->oo 


for  being  convex. 

DEFINITIONS:     A  set    S     in  a  linear  space  is  said  to  be  convex  if  and  only 

if  the  segment     Pn?p     belongs  to     3    whenever  the  points     P-     and     P?    do»     A 

fl  P 

(£)(£■(£     j    •••}    K    ))     is  said  to  be  convex  on  the  convex  set 

S     in  the    %  -space  if  and  only  if 

<jp[(i  -  \)kx  +H2]  <  (i  -  ^)f(ti)  +  xp(s2)    ,   o   <  \   <  i , 

whenever    £..     and     £?   s  S   • 

The  following  theorems  concerning  convex  functions  are  well  known  and  are 
stated  without  proof: 

LEMyiA  U.2.1:     Suppose     *r  fe)  is  convex  on  the  open  c onvex  set    S    with 
I  *p(5 )  I   <  M     there.      Ihen    <P  satisfies 

|<f(?2)  -f(?x)|    <   »«|«2-«xl/& 

on  any  conpact  subset  of     S     at  a  distance     >  6    from    3^  • 

LEwMA.  U.2.2:     Suppose  (V    and  each    (J0       are  convex  on  the  open  convex  set 
S     and  suppose    {D  (v)  — >  W (£)     for  each     £     on    S   •     Then  the  convergence 

is  uniform  on  any  coirroact  subset  of     S   . 
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L3MM&  U.2.3:     A  necessary  and  sufficient  condition  that  CP  be  convex  on 

the   open  convex  set    S     is  that  for  each     £     in    S     there  exists  a  linear  func- 

« 

tion     a    £     +b     such  that 
p 

0u2,2)       (p(f)   =  apI  P   +  b,  (f(li)   >  ap|p   +  b         for  all     ^S, 
If   ¥    is  of  class  C1     on    S  ,   this  condition  is  equivalent  to 

6(«  ,1  )  -  f(5)  -f(V  -  (5  °  -la)f  >a    (5)     >    0  ,   K  ,  I  e    s  . 
If   iP    is  ^  class     C       on    S  ,  this  condition  is  equivalent  to 

for  all     £     on    S     and    71    • 

DEFINITION:     A  linear  function     a  £    P   +  b     which  satisfies    (ii.2.2)  for 

p 

some     £     is  said  to  be  supporting  to  y    at     £  • 

LEi'iKA  ii.2.U:     Suppose    (#   is_  convex  for  all     £    and  satisfies 
(li.2.3)  lim      fefe)/U  i      ■     +   cd  . 


>  0 


Then    '1 


takes  on  its  minimum*     Also ,   if  a, ,    • . . ,  a       are  any  numbers ,  there 

is  a  unique     b     such  tliat    a  K       +  b     is  supporting  to    (lO  for  some     g     •     If 

t      is  convex  and  satisfies   (U.2.3),   if  $(£)  >  Hpfe)     for  each         ,  and  if 

a  £  p   +  c     is  supporting  to     tjj  ,    then    c  >  b  • 

LEMM  U.2«5:     Suppose  that    >ff^       and    @p   are  everywhere  convex  and  satisfy 

(Iu2.3)  and  suppose  that    w   (£)  — >  w(%)     for  each  £     .     Suppose     a,,    •••,ap 

are  any  numbers  and     b       and     b     are  chosen  s  o  that     a  £         +  b       and     a    £ |v   +  b 

are  supporting;  to    w       and    8*  ,  respectively.      Then     b    — >  b  •     Likewise,   if 

a        — >  a       for  each    p     and     b       are  chosen  so  that    a     E  p   +  b       and 
np  p x      n np  n    

a  £  p   +  b     are  all  supporting  to     f  ,   then    b    — >  b  • 

The  proof  of  the  following  lemma  is  much  like  that  of  Lemma  2.U.2. 
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LEI#ii\  U.2.6:     Suppose     z  cHT(^)   ,  D  CG^,  0  <P<ft)  »  and     dp  is  a  non- 
negative  Friedrichs  mollifier.      'Ihen 


(U.2.U)  ^t/^^jp"^-^)    |a(?)  -2(x)|d«]dx<p/a|W2(y)|dy 

Proof :     Clearly  we  may  choose  a  domain    DfCC  G    such  that     D  QV>xp    and 
we  may  approximate:    on    Dy  to     z     strongly  in    H7(D*)     by  functions  of  class  C1  . 
Thus  we  may  assume     z   e    C'(D')   .      Ihen 

|z(£)  -z(x)|   =   |(£a  -xa)\£Xz  Jx  +  t)(£-x)]|dt  <  |^x|^Vz[x+t(£-x)]|dt 

Substituting  this  in  the  left  side  of   (U.2.U)  which  we  call     I  ,  letting 

tl  *  £  -  x  ,   and  interchanging  the  order  of  integration,  we  obtain  (since   |fl|   <  p) 

Ihe  result  follows  by  letting    y  *  x  +  tij  and  noting  that  the  corresponding 
domain    D(*|  ,   tj    CD1     for  each     (?n  ,   t)   . 

fl  P 

(£  ,   •  ••,  £   )     is  convex  for 

all  K  3     S     is  a  set,     ja    isa  non-negative  bounded  measure  over    S  ,  and  the 

functions     K  P  s    L(S,  P)  ,   then 

<QiV,  ...,Ip)<[u(s)]-1/s<p[?1,  ...,^]d(. ,  ?p  -  fc(s)]"*/s*pdji . 

Proof:     Choose    a       so  that 
p 

<f(S)   +  ap(£p  -lp)  <^kx)     for  all 

and  then  average  over    S   • 


LEMMA.  h«2«8:  Suppose  that  f(x,  z,  p)  is  convex  in  p  for  each  (x,  z), 
is  bounded  below,  and  satisfies  a  uniform  Lepschitz  condition  for  all  (x,z,p)« 
Ihen  l(z)  is  lower  semicontinuous  with  respect  to  weak  convergence  in  I*.  (G), 
G    being  bounded. 
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Proof :     From  the  hypotheses,   it  follows   that 

I(z)   <  f  (0,   0,   0)  |G|    ♦  /QK|x|dx  +  K||z^Q  , 

K     being  the  Lipschitz  constant.     Let     DCCG    with    DC  G  ,   suppose    D       G  -     , 

^  /ft  «° 

0  <  P  <  P*    ,  and    (f    is  a  non-negative  Friedrichs  mollifier.      Then  from 

Jensen»s  Inequality  with  density     P'^fii^  -  x)/p]    on     B(x, p)  ,  we  conclude 


that 


f[x,  z|0(x),?z£>(x)]   <    /B(x,p)f^   zp(x),7z(|)]/r    f[|-x)/p]d£ 

<Fp(x)   +  Kp+|z(x)  -  zp(x)|   +  K/B(       )|afe)-z(x)|pJ,'f[(€  -  x)//>jc*    $ 
Fp(x)   -    /B(Xfp)JPfe*  8(€),¥*te)]-pJfy t(C-x)/p]d^ 
Integrating  (U*2«6)  over    D     and  using  Lemmas  2.U.2  and  U.2.6,  we  get 
(U.2.7)  l(zp,D)<l(z,   G)   +Kp[|a|    +  2 /Gj?z(x)|dx]   • 

Clearly,  the  corresponding  inequalities  hold  for  the     z    n    • 

Now,  if  z  -7  z  in  L_(G),z  and  V  z  tend  uniformly  on  S  to 
z-  and  \ zQ  ,  respectively,  and  ||  z  ||,  <  M  for  all  n  •  Hence  for  each 
p  <PQ  ,  we  have 

(U.2.8)       Kz0*  D)  »      lim    l(z^,  D)  <    lim  inf    l(z     ,  G)   +  Ka(|G|   +  M)   . 
f  n->0D        T  ""    n->a>  n  ' 

Since     f    satisfies  a  uniform  Lipschitz  condition  and     zn    —  >  z     and    yz    «— > 

cr  ~  r  p 

Vz  in  Lt(D)  ,  we  may  let  p— ->  0  in  (k.2.8)  obtaining 

I(z,  D)  <  lim  inf  l(2n,  G) 
n  —  >  cd 

The  result  follows  from  the  arbitrariness   of     D  . 

3HE0REM  U.2.1:  Suppose  f(x,z,p)  is  defined  and  continuous  for  all 
(x,z,p)  ,  is^  c onvex  in  p  for  each  (x,z)  and  f  (x,z,p)  >  fn(p)  for  all 
(x,z,p)    where    fQ(p)     is  convex  and     f   (p)/|p|  — >  +  00     as     p  — >  00  •     Then 
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I(z,    G)   is  finite  or     +  oo     for  each     z     in     HT(G)     and  is  lower  semicontinuous 
with  respect   to     weak  convergence  in     HT(G)   . 

Proof:     In  order  to  prove  this,  it  is  sufficient  to  show  that    f (x,z,p) 
is  the   limit  of  a  n on -decreasing  sequence     f   (x,z,p)     each  of  which  has   the 
properties  required  in  Lemma  lw 2. 8-     In  order  to  do  this,  let     b(x,zja) 
(a  ={  a..}   )     be  chosen  so   that  the  function  *y  (x,z;pja)   r    a.  p     +  b(x,z;a) 
is   the  unique  supporting  plane   (in    p  )   to     f     determined  by    a  •     By  Lemmas 
U« 2«U  and  U.2.5,     b(x,z;a)     is  continuous  in     (x,z;a)  and     b(x,z;a)  >  bQ(a)   , 
the  corresponding  function  for    fn  •     For  each    a  ,  choose  a  non-decreasing 

sequence    b   (x,   z',  a)     of  functions,  each     >    b~(a)  -  1  ,   each  satisfying  a 

n  *—      \j 

uniform  Lipschitz  condition  for  all  (x5   z)  ,  which  converges  to     b(x,z;a)   • 

We  then  define     t    (x«z,p:a)   =  a.   o     +  b   (x,z;a)     and  we  see  that    (P       is  a 

I  n     '   ,r  l-a        n     '  In 

non-decreasing  sequence  tending  to    y    for  each    a  ,  each    *j        satisfying  a 
uniform  Lipschitz  condition  everywhere. 

For  each     n  ,  we  define     f  (x,z,p)   =  max    j      (x,z,pja)     for  all  a    for 
which  all  the     a.     are  rational  numbers  having  numerator  and  denominator  both 
<  n  .      Then  it  is  clear  that  the     f       are  non-decreasing  and  each  satisfies  a 
uniform  Lipschitz  condition.     Now,  let     (xn,z  ,p  )     and      e    >  0     be  given. 
Using     Lemma  U.2.5  and  the  continuity  of     b  ,  we  see  that  there  is  a  rational 

a     such  that     Y(xo>VpO^   >f^x0,z0,p0^   **    6//2  *     Glearly    ^Pn^X0,20,P0^ ) 
>  ^x^z^nya)-^,  for  all  sufficiently  large     n  ,   so  that    fn(x0,z0,pQ)  — > 

f(x0,zQ,p0)   . 

We  now  turn  to  existence  theorems,     Me  begin  with  the  following  theorem 
(cf.    [     ]  and   [      ]   ,  theorem  8.8  and   [     ]): 

LEI-MA.  U.2.9:     Suppose     fQ(p)     is  convex  in    p     and     fn(p)/|p|  — >  +  co     as 
p  — >  cd   •      Then  there  is  a  function    V  (p)  — >  0     as      P  — >  0    which  depends 
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only  on    f     and     M     such  that  if     IQ(z,G)   <  M  ,   then 

/     |Vz(x)|dx     <    f[i(e)]     . 
e 

Proof:     For  each  integer     r  >  1  ,   let     E       be   the  set  of     x     in     G    where 
r  -  1  <  |Vz(x)|   <r     and     Vz(x)     exists  and  let 

Hr  -      O     E    U2,         r  -0,   1,    2,   ..• 

r        k=r+l    K 

where     Z     is   the  set  of  measure    0     where      Vz(x)     does  not  exist.     Clearly 
.£,     =  0    and  if     r  >  1    and     xe    G  -  W    >   ^en     I  vz(x)|    <  r  .     Let     a      be 
the  inf.  of     fQ(p)/|p|     for     |p|   >  r  -  1  .      Ihen     a    — >  +  co     as     r  — >  go  • 
Also 

>       a.    •    (k  -  l)-m(E,  )     <    /    fn(?z)dx    <    M 

k-r+1      *  K        -         Cr      U 

From  this  we  see  that 

m(P    )     <    _J_      ,      /       |  y  z  j  dx    <     (r+1)M 

r+1  Cr  r+1 

and  both    "—>  0    as     r  — >  <n>    •     So,  let     e     be  any  measurable  subset  of     G  • 

Let    r     be  the  smallest  integer  such  that    M/ra  +1  <  m(e)   •     Ihen 

/€   ltfz|dx     <    /^£      |^z|dx     *    /e     -     |V»I  ** 

^       M  (r+l)M  (Tjr    (   v, 

r+1  r+1 

and    ^y  satisfies  the  conditions. 

THEOREM  U# 2.2:       Suppose    f     satisfies  the  hypotheses  of   Theorem  U.2.1,     G 
is  a  bounded  domain  of  class     C1   ,     F    is  a  bounded  closed  set  of  functions 
z    e   L,  (d  G)   ,  and  there  is  some  function     z..  e    H,  (G)     whose  boundary  values 
e   F    and  for  which     l(z,,   G)     is  finite.     Then     I(z)     takes  on  its  minimum 
among  all     z     in     Hr(G)     having  boundary  values  in    F  . 

Proof;     For,   let     F,     be  the  non-empty  family  of  all     z     in     H,(G)     for 
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which     z     has  boundary  values  in     F     ana     l(z,   0)   <  l(z.. ,  Or)   •     From  Lemma 
U.2.9     and   Theorems   2.U.2  and   2tu.3  it  follows    that     F,      is  compact  -with 
respect  to  weak  convergence  in     jL  (G)   •      fIhe  result  follows  from  the  lower- 
semi -continuity, 

EXAMPLES:     The  problem  of  Plateau  reduces  to  minimizing  the  Dirichlet  in- 
tegral among  all  vectors  whose  boundary  values   give  a  representation  of  the 
given  boundary  curve  in  space.     If  only  an  arc  of  the  boundary  is  prescribed, 
the  remaining  part  of   the  boundary  being  free,     we  arrive  at  a  type  of  problem 
which  can  be  handled  using  Theorem  U.2.2  and  the  result  of  the  exercise  below. 

EXERCISE 
Suppose     G    is  of  class     C     ,   a  is  an  open  set  on     3g  •     Show  that  there 

is  a     C(V*  P.    G>   <*)     o£  suck  that     IUI1n  <  C(||Vu|P  +  ||  u|P  J   . 

p,  u  -*  p  p  ,  u 

lu3     Preliminary  results  on  interior  differentiability.     In  this  section, 
we  show  that  the  derivatives   of  the  solutions  of  certain  minimum  problems  are 
bounded  on  interior  domains.     The  method  used  is  an  adaptation  by  a  student 
E.  ft.   Buley     of  a  very  simple  proof   of  the  famous  De  Giorgi-Nash  results   [      ] 
and  [     ]     due  to  Maser     [     ]   • 

In  this  section,  we  restrict  ourselves  to  functions     f     in  (li.l.ll)  which 
satisfy  the  following  conditions : 

CONDITIONS  ON     f(x,   z,  p)     in     (U.l.ll): 

(i)       f     is  of  class     c"     for  all     (x,    z,   p);  N=l;   V>2  j 
(ii)     there  exist  constants     k,   m,  M,  ML,  and     K    with    0  <  m  <  M    and 
k  >  1     such  that 

(U.3.1)       m  mVk  -  K  <  f(x,   z,  p)   <  MV3*    , 

(li.3.2)  J"  [f2     +  f 2         +f2+f2      ]      <    ¥L    V2*"*1 

v  '  *"      p  p  xA  z        sac        —     j. 

*a        *a  y  Y 
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Cii.3.3)  mV^1^!2     <    f  \\?       <    MV^Ixl2 

for  all     X     and  all     (x,    z,  p)   • 

ALTERNATE  CONDITIONS  OK    f :     The  same  as  the  above  except  that     £     is  in- 

2 

dependent  of  z  and  V  *  1  +  |p|   • 

The  proofs  in  case  f  satisfies  the  alternate  conditions  are  essentially- 
identical  with  those  for  the  case  that  f  satisfies  the  original  conditions 
and  will  be  omitted.  We  notice  that  f  =  V   satisfies  either  set  of  conditions 
and  any  f  above  satisfies  the  conditions  of  the  preceding  section.  For  the 
remainder  of  this  section,  we  assume  that  f  satisfies  the  original  conditions 
above. 

THEOREM  H. 3*1:  Suppose  z  e  3?k^  and  minimizes  I(z)  among  all  z  with 
the  same  boundary  values .  Then 

(U.3.10        /G(E  f   ♦  «Ca)  dx  -  0  for  all  K    e  H*kQ(G)  . 

Proof:     Since     z   +  X£  e  Hp.    ,   our  hypotheses  imply  that     l(z   +  X£)   ■  ^(X) 
is  bounded  for  all     X    and  any     £  £  PL,    Q  •     For  almost  all     x  , 

f[x,   z+X^   7z   +  XV  £]   .  f  [x,a,7z3   +  X{  £    f     +£f   } 

'aPa      z 

(Il.3.5)  +  X2[Aa:3  £  a  £  e     +    2Ba  ££  Q    +    C£2]     ,       where 

Aa,c(x)   *  f}f     „     [x,z   +  tX£,  7z   +  txV^jdt  ,  etc. 
u      PaTB 

The  hypotheses   imply  that 

(h.3.6)       I  [(Aa-V   +  (Ba)2  ♦  C2]    <    f\W  +  2M1)[1   +(z  +  tUi)2+|**«ft|23k"'1dt 

2 
Accordingly  the  integral  of   the  coefficient  of     X       in     (h.3.5)     is  uniformly 
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bounded  for  |\|  <  1  ,  say,  so  the  result  follows. 

LEMMA.  U.3»l:  Suppose  F   G  (E  )  ,  suppose  each  \r    e  H,  (G)  for  some 

r  '  A.  — —  — — — 

X  >  1  ,   suppos e     iKx)   =  F[u  (x),    ...,  \r  (x)]     for     x    e    G  ,  and  suppose  that 

U     and  the     V     e   Lj4,(G)     for  some     jx  >  1  ,    a  =  1,    . ..,"\J,  where 
p 
v>)   =    I    F  J^W*    •••>   u?(x)]up   (x)     ,       x    e   G     (a.e.)    . 

Then     U    e    FT"'(G)     and     U     (x)   *  V  (x)     almost  everywhere. 

— — •• —  ^  --  j  (J,  Q,  — — ~~»— — 

Proof:     From  Theorem  2.5.  5,  we  conclude  that  each  element    u      contains 
a  representative  function     u    which  is  absolutely  continuous  in    x       along 

segments  in     G    for  almost  all    x'  ,    a  =  1  ,    . ..,     y  ,     and  that  its  partial 

—  —  —  — p 

derivatives     u        are  representatives  of     u       •     If  we  set     U     =F(u,...,u), 

it  follows  that     U    lias  the  same  property  and,  moreover,   its  partial  deriva- 


tives are  given  by     V      almost  everywhere*     But  this  implies  that  the  element 

U    s    H  (G)     with    U       «  a.e,:  the  proof  of  this  is  left  to  the  reader. 

jix  ,a  a  ' 

EOTtEM  U.3.2:     Suppose     z    e    H?k^     and  satisfies    (U.3.1±).     Ihen,   on  each 

domain    D  CCG  ,   the     p       and  the  function  U  «  V  '      6    L(D)  ,  and  the     p 

and     U    satisfy    . 

(U.3.7)      /D  V*"4^ „(aa  PYjp  +  bapY  +  e^)     ♦  S(bapY)a  ♦  opY  ♦  £r)]dx  -  0 

(U.3.8)    /,,|?U|*dx  <  k2A  P~H\  Vp|2   ♦  |p|2)dx  <  Ca-2  /  ,    T^dx  ,  DC  Dl  , 

g8  qc  cry  Y 

where  the     a  !    ,   b     ,c,e,  and    f       are  bounded  and  measurable  and 

^(xla^W  =  t    _  lx,  i(i),y«W],     ^"V  -  f         ,  V^c  -  f       , 

k-q  ay  .  Jc-q     Y     .     f  1/2  . 

p  xy  zxy 

Proof:     We  begin  by  applying  the  difference  quotient  procedure  of     $  3*2. 
Let     DrrD'CGG    and  suppose     £    e    Hp,    Q(G)     with  support  in    D*    9  suppose 
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D  C  Gh  ,  suppose     1  <  y  <  y  and     e       is  the  unit  vector  in  the    x      direction, 

0  "  Y 

and  define 

Zh(x)  -  h^teCx  -  heY)  -  K(x))  ,  zh(x)  =  h'HzU  +  he^  -  z(x)]  ,  0  <  |h|  <  hQ  . 

Substituting    C      for     £    in  (U.3»U)  and  making  the  obvious  changes  of  variables 
to  eliminate     £(x  •  he  )  ,   etc.,  we  obtain 

(fc.3.9)    /^h(x)  {  ^Jaf  z^    ♦  b°  zh  ♦  ehVh]   ♦  ^MVh<^)  **  -  ° 
Ah(x)   »    £■  l\+\%(x)   +  tAz|2  +|p(x)   +  t&p|2]        dt  ,  q  «  1/2  , 

Ah(x)ahP(x)  "    *£  fpj>    [x  +  th V  z(x)  +  tl^2>  p(x)  +  t&p]dt 
A  b^(x)  *    Z   f         [samejdt  ,  A  z  -  z(x  +  he  )  -  z(x)   ,  etc# 

P  (x)     «      max     [|+|z(x)   +  t/iz|2  +  |p(x)   ♦  t4p|2) 
0<t<l 

and  similar  formulas  holds  for  the  other  coefficients*     From  our  hypotheses, 

it  follows  that  all  the  coefficients     a-     ,  b,  ,  c.  ,  rr^.  and    fT    are  measurable 

n  *  n   n   h  *      n 

and  are  bounded  independently  of  h  on  D   by  numbers  depending  only  on  \)9 
m,  M,  K,  ML,  and  k  .  We  also  have 

(U.3.10)  Ah  ->  A  in  \(E')  and  zh  ->  p  in  L^Cd' ),  X  *  k/(k-l)  if  k>\;   A-  V^"1; 

if  k  ■  1,  A,  «  1  • 
h 

Now  if    fJ     is  Lipschitz  and  has  support  in    D*     and  if     0<|h|<hn,we 

may  set 

(ii.3.11)  K  -  TJ2zh  ,  *j  •  1     in    D  , 

in  (U«3«°)»     From  our  hypotheses,  we  obtain 

(U.3.12)  m|\|2  <  a^iG(x)X  X      <    M|\|2    for    0  <  |h|   <  hQ  ,  x  e    Df   • 


.> 
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Using  the  boundedness   of  the  coefficients  and  Schwarz's  inequality,  we  thus 
obtain  the  result  that 

I       (U.3.13)       /D  Ah(x)|7zh(x)|2dx     <    C/ity2  ♦   |Vl||2)Ah(x)[z2   +Ph]dx 

and  the  right  side  is  bounded  independenly  of     h    since    V    e   L.(Q)   • 

Since     k  >1     and     z,    — >  p       in     LpjCD'),   it  follows  from  (U«3«13)  and 
the  fact  that    A,(x)   >  1     that     z,    —7  p       in     H?(D)     for  a  subsequence  of 
h  ->    0  .     From  (U.3.10)  and   (It. 3. 13),   it  follows  that 

I      (U.3.1U)        ^dAh~">^^q    and    AhahPzh,6   —    ^^p  **    L2(D)>  etc# 
for  any     £   e    Ha,    o^0     for  a  further  subsequence  of     h  — — >  0  •     Accordingly, 
we  see  that  each    p    s   Hi(L)  f)  kp^^)     aru^*  ^  semicontinuity, 

(U.3.15)  /    v^lffp^dx    <    Ca""2/tVkdx    if    Dr-D1   ; 

D  D  a 

[      this  last  follows  from  (U.3*13)  by  talking  Th  «  1     on    D,  fi(x)  -  1  ^2a    d(x,  D) 
for    0  <  d(x,  D)  <  a/2  ,  and     Yj(x)   =  0    elsewhere  on    D1    •     From  the  convergence 
in  (U.3.1U),  we  see  that  the     p       satisfy  (U.3.7).     That    U  6  hJ(D)     and  (U.3.8) 

r  <L 

holds  follows  from  Lemma  Iu3»l  and   (U»3.l5) 

The  proofs  of  the  following  two  leranas  are  left  to  the  reader: 

I  LEMMA  U.3.2:     Suppose     £    and     B  s   H?(D)   ,     A(£)    c  D  ,  and     £B        and 

£    B  e  L^D)     for  some     y  •     Ihen 

/    £B    dx     -     -  /   X      Bdx 
D       >Y  yD     >Y 

I  LEMMA  U.3.3:     Suppose     B     and    Aa  e  H*(D)   ,   a  «  1  ,    •..,  \)  and 

/     (A^       +  B£)dx    =»     0    for  all     K  &   Lip   (D)   . 
D  >a  c 

Ihen    A     (x)   ■  B(x)     almost  everywhere     on    D  • 

y  a — 

LEMMA  U.3»k:     Suppose    A    e   H7(D)   ,   a  ■  1,    ...,  V    and  suppose     £,  l(r,  ^Z, 
and     lf"1Aae   H£(B)   ,  suppose     $\fz    and     ^1\7Aa    all     s  L2(D)   ,  suppose     I>(x) 
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—  ^     a*e*     on    D  j  and  suppose     A(£)  CL  B  .      Then 

/n(£   Aa    -  K      Aa  )dx    -    0 

Proof:     For  each     n  ,  let     l|r  /    ,   ■  XJJ(x)     if     t(x)   <  n    and     1JF  (x)   *  n 
on  the  set     E      where     $(x)   >  n  ;  and  define 

(U.3.16)       W-^iC8-  fV  ,   ^  »  l^C*  ,  A*  «  *nCa  ,%«  In  if 

We  note  that      Sffo     B  0    a.e.   on  E      and  that 

Tn  n 

(U.3.17)  (OVXand     °a  Xe  L2(D)     * 

By  hypothesis,  CO  and     C     e  H.(D)  .     Moreover     V  £     *    v£  a.e.     on    D  -  E      and 

^^n  =  IT1^**;    a-e«     on     E     ,  so     ^,     6  Hg(D)   .     Also 

7An  "  *n(Vc°  +  °a^     a'e-  on    D  -  Ln 

VAa  -  *  Vca    a.e.  on    E 
v    n       Yn*  n 

so  that  each    A     e  Hp(D)   • 
Let  us  define 

(U.3.18)    jn(x)  -  ^^.r  "  *%rC  j(x>  '  V>V,°«'  Jo  ^,ac,V"?rc,aa 

Since  A(0  e  A(£)  CD  ,  it  is  easy  to  see  by  approximating  to  £   and  A° 
by  mollified  functions  that 

(U.3.19)  f    J  (x)dx  «  0  for  each  n  . 

D  n 

Moreover     J(x)   *  J  (x)  a.e.     on    D  -  E     •     On    E  ,  we  see  that 

n  n  n* 

J  (x)   ■  J~(x)     a.e. 
n  0 

(JU.3.20) 

j(X) *  j0(x)  ♦*  a(OcfY>  *  (<^:Y)c;a  -  (ai  >a)c;r  -*,Y(c%> . 

The  result  follows  from  (U.3.17)  -  (U.3.20) 

LEMMA  U.3.5:     Suppose     z    e    H2k(0)     ard  satisfies    (U.3.U),  suppose     U  »  Vk' 
and  suppose  that     U    e    ^(D1)   ,   D'CCG  ,  t  >  1  .     Then    w  =  UTe    Hp(B)     for 
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each    DCCD*     and 

(  /r    IVw|2dx  <  CtV2  /  ,  w2dx     if     D       d'   ,   C  -  C(m,  M,   K,  M,,  k,  V)   * 

D 

Proof:     For  each     L,  let     UL(x)   =  U(x)     if     U(x)   <  L    and     IL(x)   *  L    on 
the  set    ET     where     U(x)   >  L  •     Suppose    1}    is  defined  as   in  the  proof  of 
Iheorem  h* 3.2  and,  for  each    L  ,  define 

(U.3.21)  X  =  tl2vlT~2  Pr  ,  Aa  =  fp     ,  B  -ta  ,  if  -  v(k_1)/2 

I        Eien  we  notice  that     /\(£)   r  D1     and     Z,,  l},  $£ ,  §    A0  e  Hj(D')  ,  Aa    and 

I       B  e  H^(d")  ,  K.    B    and     SB      e  ^(d'J  ,  and     $  V  £    and     l^^A0  s  Lgto')  ,  and 

(U.3.22)       A>ar.=  ^{a^p   ♦  bar  ♦  V%^)   ,  B>y  -  ^(b^.  ♦  ^  ♦  vV) 

So,  although  £  ,  as  defined  by  (U.3.21)  is  not  in  Hpk  q(D  )  ,  Lemmas  l±.3.2, 
JU»3»3,  and  U.3.U  allow  us  to  substitute  X>  into  (1|.3.7),  since  the  left  side 
of   (U.3.7)  just  becomes 

I  /  ,(*  aAav  +  KB     )dx     *    /  ,(£    Aa     -  £    B)dx  »  /     ({/     -  4    Aa   )dx  «  0 

If  we  carry  out  this  substitution  and  use  the  Schwarz  inequality,  etc., 
I   the  condition  (U.3.12)  for  aa'8  ,  etc.,  the  boundedness  of  UL  ^  ^e   fact 
that  v  uT  »  0  a.e,  on  ET  ,  we  obtain 

+  (t  -  l)fl  2U2]  dx 

But  since  the  right  side  of   (U.3.23)  is  bounded  independently  of     L  ,  we  may 
let     L  — >  oo     in  (U.3.23)  to  obtain 

(U.3.2U)  /    J|2U2x-2|Vu|2dx    <    C/,   (1j  2  ♦  |fn  iV^dx 

where  C  is  independent  of  t  •  But  (iu3.2li)  and  the  definition  of  fk  imply 
the  result. 
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THEOREM  U.3.3:     Suppose     z    5    ^pu^)     and  satisfies    (U,3tU)»     Then,   on 
each    DCC  G  >   z     and   the     p       are  uniformly  bounded .     In  fact,   there  is  a 
constant     C  *  C(%),   m,   M,    K,   M,,   k)     such  that 

|U(x)|2  <C*|B(x0,2R)r1/B(x  ,2r)  lu(y)  t2dy  ,  x  e  B(xQ,   R),    B(xQ,    2R)  C  0  . 

Proof:      lb  prove  this,  we  combine  Lemma  U»3»5  with  Theorems  2.5»3     and 
?.5«U  which  together  state  that 

()u3.25)   {  AO^dx  }1/S   <C0(^  /B     (|Vw!2  +  r^2)dx  '  S   *  VAV«  2) 

Br  r 

if     w  s  h!(B  )   .     Let  us  assume  that     B(x»,    2R)  r  G  ,  define     B     *  B(x^,   R  ) 
2     r  Cr  ^-      '  n  0       n 

where     R     ■  R(l  +  2~n),  n  >  0  ,  and  let  us  define 

«n  s 

W  ■       U  SOW         *W-,Wrt*U. 

n  n  n-1  '     0 

Then,  by  applying  Lemma  lu3«5  to    w       in  order  with    D  B  B      and    D*   «  B     ,   , 

we  see  that  each    w     e  L„(B  )     and  to     H„(B     -)     for  each    n     and  that 

n        c    n  c    n+i 


(U.3.26)  {  A    w2dx  }1/s  <  Cn  A  (|?w     -  |2  +  R~2w2  ,)dx 
B      n  —    OB*1       n-11  n    n-1 


n  n 


<  2C0Cia2n-2.ltV2  /B        w^dx  . 

n-1 


If  we  define 


n 
(U*3«26)     leads  to  the  recurrence  relation 

Wn  5  Wtl  '  *0    •    2C0C1S"^'2  •       h    '      >»*  >      »    >    1  • 

This  leads  to  the  inequality 

(U.3.27)       W  <s2*Zt-«>*M)A...«n/ 

nO  x  0 

The  result  follows  by  raising  both  sides  of   (U«3. 27)   to  the     l/sn    power  and 
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taking   the  limit  as     n  — >  go  •     The  multiplier  of     WL     in  the  limit  is 

l£  K^  ,    o  -  (1  -  a"1)"     =  V/2,  ,S    -   (1  -  s^f     *  a2  . 

EXERCISES 
1*     Complete  the  proof  of  Lemma  It. 3.1.       2.     Prove  Lemmas  lu3«2  and  U»3»3» 

U.L»     Holder  continuity  of    the     P  .  •     In  this  section,  we  show  that  the 
p  ,     are  Holder  continuous  on  domains     DCCG  •     On  such  domains,  we  have  already 
seen  that  they  are  bounded  and  each    p       satisfies  an  equation  of  the  form 

(U.U.I)       AlK  Ja^Up    +  bau  +  ea)   +  £(cau  n  +  du  +  f)]dx  =  0  ,   £  e  H* 

where  all  the  coefficients,   e,   and     f     are  bounded  and  measurable  and 

(U.U.2)       m2|\|     <a^(x)XaXg     <    Mpjxj     ,     0  <  mp  <  Mg  ,  x    s    D  . 

We  shall  first  discuss  the  solutions  of    (U.U.I)   in  the  case  where  all  the 
b  ,   C  ,   d,   e     ,   and    f     are     0  ;  the  solutions  of  such  equations  are  called     a- 
harmonic.     We  shall  present  a  version  of  loser's  theory  of  such  equations  as 
presented  in     [      ].     We  first  state  some  technical  lemmas  involving  convex 
functions   on     R.$   the  reader  should  recall  the  theorems  stated  in  Section     U-2 
which  held  for  convex  functions  on  any     3L»  • 

LEI-MA  U.U.I:     Suppose     f     is   convex  on     E-.    •     Then 

(a)  f     is  Lipschitz  on  any  bounded  interval* 

(b)  Its  ri^ht-sided  and  left-sided  derivatives   exist  at  each  point  and  are 
non-decreasing  functions. 

(c)  Its   two-sided  derivative  exists   except  at    JyL.     points. 
^'     2L  eacn    ^       i£  convex  on     EL ,   f   (u)  — >  f  (u)     for  each     u  ,  and 

f   (iu)     and     f    (uJ     all  exist,    then     i    (u  )  — >f'(u^)   . 

(e)      If     f     is   non-negative,   there  exists  a  non -decreasing  sequence    {f  } 
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of  non -negative  convex  functions,  each  Lipschitz  over  the  whole  of  E_ ,  such 

that  f  (u)  — >  f  (u)  for  each  u  ;  we  may  assume  that  each  f  (u)  *  f  (u)  on  an 

interval  I   where  I  C  I  i  • 
n  n    n+1 

(f )  If  f  is  non -negative  and  Lipschitz  over  the  whole  of  E,  and  ^r 

-•A 

is  any  non -negative  Friedrichs  mollifier,  the  V  -mollified  function  £p      all 
have  the  same  properties,  the  Lipschitz  constant  for  f  being  one  for  each  £p  • 

LEMMA.  U.U.2:  Suppose  u  e  H.  (D)  (\  >  1)  •  Then,  if  c  is  any  constant, 
Vu(x)  =  0  for  almost  all  x  on  the  set  S  where  u(x)  ■  c  •  If  f  is  convex, 
v(x)  =  f[u(x)]  on  D  ,  v  e  L  (D)  and  the  functions  V   defined  by 

V  (x)  -D  f[u(x)]u  (x)  e  L .(D)  , 

tnen  v    H  (D)  and  v  (x)  =  V  (x)  almost  everywhere. 

Proof:   3he  proof  of  the  second  statement  is  like  that  of  Lemma  U«3»l«  If 
|S  |  =  0  ,  there  is  nothing  to  prove.  Otherwise,  let  [a,  b]  C  D  and  choose  a 
representative  u  which  is  A.C.  in  x   on  [a  ,  b  ]  for  almost  all  x!  • 
For  almost  all  x  ,  the  set  S(x')  of  x  3 (x  ,  x')  e  S  is  measurable  and,  for 

U*  VI*  \Jt 

for  almost  all  x   in  S(x  )  ,  x   is  a  limit  point  of  S(x  )  and  the  partial 

ex     *  a 

derivative     u     (x  ,  x   )     exists  and  so  must  be     0  • 

•  LL  KX 

LEI#iA  h*h»3:     Suppose     u    s    L?(D)     and  is     a -harmonic  on    D     and  suppose 
0<b<r,B,=  -^x(y  r  +  b)  C  D  >  f    2££  n°n -negative  convex  function, 

v(x)   =  f  [u(x)J     on     3  A.    ,  and    v  e  L0(B    .  )   .     Then    v       h!(B  )     and  there  is 

'         u  —      r +b      — —  c.     r+o  — — —  d     t      -— —  i. .    ..I   .  — 

a     C  a  0(m?/m  )     such  that 

(W..3)  /B     lVv|2dx    <    Cb"2/B      ^w* 

r  r+b 

Proof;  First  suppose  that  f  is  Lipschitz  with  constant  K  on  the  whole 

of  L  «  Using  mollifiers  (Lemma  U.U.I (f ))   ,  we  may  approximate  to  f  by 

similar  functions  f   of  class  C    with  Lipschitz  constant  K  •  Letting 
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vn(x)   =  fn[un(x)]  ,   K  -  U)f^(u)     in     (U.i|.l)(ba  «  .,.  f  .  0)",  we  obtain 

(k.k.h)  A         (Ci>     a^v     R   +  U>£\%       v     Q   )dx  =  0 

Br+a         >a        n>P  n        n'a  n'P 

From  (luli.U)j  we  conclude 

(Ii.li.5)  A      b)/v    .dx<0     ifU)>0, 

Br+b     ,a  n,6 


Since      |fj    <  K  ,  v  e   K2(B   ,)     for    r'   <  r     so     (U.U.5)  holds  for  all  6>     ^O^r+b^ 

Jtf     as  was  done  just  before   (U.3.210,  £j^3  T)  v 


r 

2 

with  compact     support.     Defining  fj     as  was  done  just  before   (Lu3.2ii),  d>=»  fi  v    , 


we  obtain 

A         M  2a^v     a  v         +  27JB    v    aa<8v    q  )dx  <  0 
r+a      I  '         ^  jfTOan  n$         ~ 

from  which  we  conclude   (lwU»3)     f or    v     ,  using  the  Schwarz  inequality.     Now  as 
n  —  ><d  ,    | V  vn(x)  |   <  K|  7u(x)  I,    |vn(x)  |   <  K|u(x)  |    +  C±    and     \7vn(x)  —  >  Vv(x) 
and     v  (x)  — >  v(x)     almost  everywhere   (use  Lemma  li.U.l  (d)  and  l±.iw2),  so  we 
may  let    n  — >  oo     in     (lulw3)  and   (U»U«5>)« 

If     f     is  not  Lipschitz  over   the  whole  of     E..  9  we  may  approximate  to  it  by 

such  functions     f       as  in  Lemma  U.Iwl  (d).      Then    v  (x)  <  v(x)     for  each    x  , 

n  n    —  ' 

so  we  nay  let  n  — >  oo  on  the  right  in  (U.U.3).  But,  from  (h»h*3)   9   it  follows 

that  a  subsequence  of  the  v   converge  weakly  in  H0(B  )  to  something  which 

n  2     r  D 

must  be     v  •      Then  (U.lu3)  holds  for    v     by  lower -semicontinuity. 

IKBOREM  li.lul:     vSuppose     u     is     a -harmonic  in     Bor>,   u  6   L0(B__)   ,     f     is 

"— — — — —  —  "  ■   — — •  eft  c       dxi  — 

non -negative  and  convex,  and     v  =  f  (u)  s  L^BprJ   .     Then    v  e  h!(B   )   ,     for 
each     r  <  2R  and   there  is  a     G  »  C(V>   Mp/nu)     such  that 

|v(x)|2  iClB^I"1^       v2(y)dy  ,     x    e    BR  . 

2R 

More  generally 

|v(x)|2  <  0,(23  -  r)"V  A        |v(y)  |2dy    for    x    e    B     ,  r  <  2R  . 

x  2R  r 
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The  proof  is  like   that  of   the  last  part  of  Theorem  U.3.3  and  is  left  to  the 
reader. 

■»         -f 
LEMMA.  U*U«U:     Suppose     f     is  a  function  such  thafr    h  ~    -e         is  convex 

and  suppose     u     is     a-harnomic  on     B     ,      and     u  £  LJB    ,,  )    ,  where     0  <  b  <  r  • 
& — —       r+o <Tr+b     '  — 

Then     v  =  f  (u)   e  H^B  )     and 

/       |V/v|2dx     <    Cb"2r^   C  =  C(-V>,   M2(m2)   . 
r 

2 
Proof:     Suppose  first  that     £  s  C       and  is  Lipschitz     Cor     u  .     Let 


2   ' 
£  =  T)  f   (u)     in     (Ii.U.l)  where    #     is  defined  as  in  Lemma  U«U«3»     Then 

£     >  (f  ) 


1 


since  h  is  convex,  so  we  obtain 


^^'^la^^2^^^^^^ 


dx 


btaH..'%  'fvv 


>    /B         C2UI7   „  a^v  a     +  -flVSJ  v  „  v  Q    ]  dx 


r+b 

from  which  the  result  follows  from  the  Schwarz  inequality  and  the  definition  of 
■  'if    •     3y  approximations    (to     h  )     as   in  the  proof  of  Lemma  u.U.3,  we  conclude 
the  result  as  stated. 

LEMMA  U»h*5i     Suppose     u  e  H2(B,J     and    that     u(x)   =0     on  a  set    3  C  BR 
such  that      |S|   >'c|bJ,   c  >0  .      Then 

/B      |u(x)|2dx     <  C(c,t»-R2-  Jh      |V'u(xJ|2dx  (BR  -  B(xQ,H)). 

R  R 

Proof;     An  obvious  change  of  variables  shows   that  we  may  assume  that     Bp     is 
the  unit  sphere     B-,    =  B(0,   1).      Die  remainder  of   the  proof  is  left   to  the  reader « 

LEMMA.  U.U.6:     Suppose     u     is     a -harmonic,   non -negative,   and     u  6   L?     ?T?) 
and  suppose   that      |S  |    >  C_  |B,.    |   ,     S     being  the  set  where     u(x)   >  1  ,  x  e  BOTD  • 
Ihen 
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u(x)   >  C(  V>  c1,  M2/m2)   ,  x  s  BRy2  ,     0  <  C  <  1  • 

Proof:     Define     v(x)   *  f [u(x)j   ,  where     f     is  defined  by 

f  (u)   »  max{  -  log(u  +  £  )}  0}     ,  0  <  £  <  1 

Then    f     satisfies  the  hypotheses  of  both  Theorem  U«U«1  and  Lemma  U.lulu     Since 
v(x)   *  0     on  a  set     Se    with     |SC|   >  C.  |B,D|/2  ,  for  some     k    with    1  <  k(c.   V) 

£  £     — "      JL      Kit  "—  X, 

<  2  ,   it  follows  that 

/      v2(x)dx  <  /   v2(x)(Jx  ^  GR2  .    |  fly(x)  |2dx  ^   |   |  m 

kR 

Accordingly,   by  Theorem  Iwlul,  we  conclude  for  each     £    that 

jv(x)  |   <  G     so     u(x)   >  e"c    for    x  £  BR^  • 

THEOREM  li.iu  2:     Suppose  that     u    is_    a -harmonic  on    G    and  that    u  £  Hp(G). 
Then    u    satisfies  a  uniform  Holder  condition  on  any  compact  subset  of     G  • 
More  specifically, 

(U.U.6)       d(u,  Br)  <  C^'dCu,  B6)-(r/6)  °  ,  By  *  B(xQ  r)  .     G  ,  0  <  r  <  5  . 

1-TH1  r1 

(U.U.7)        lu(x)  -  u(xQ)  |   <  C2*d(u,  B6)5  °|x  -  Xq]  °     if     |x  -  xQ|  <  6/2  , 

Ck  =  Ck(V,  M2(m2)  ,  ^0  =  t^W,  H2/m2)  ,  0  <  p,Q  <1,  t  -   V/2  . 

r 

Proof;     We  shall  prove   (U.iu6);    (U.U.7)  follows  from  Theorem  2.5*2 f 

If     u     is     a-harnonic  on    B(xn,   5)     and  we  define 

'u(y)   -  u(xQ  +  5y)   ,  'a^fcr)   =  aa  (xQ  +  6y)   ,  y  £  B(0,  1)   , 

we  see  that      'u    is     a-harmonic  on     B(Q,  1)  with  the      a        satisfying     (U.lu2) 
with  the  same     nu     and     M?  •     From  this  fact  and  homogeneity  considerations,  we 
may  assume  that     B(x~,   6)  =  B(0,  1)     and    d(u,  B, )  *  1  •     Finally,  since     u  -  u 
is     a-harmonic,  for  any  constant     u  ,  we  may  assume  that  the  average  of     u    is 
zero,      ihen,  from  Theorem  2.7«3,  it  follows  that     ||u|2  <  C-,(\>)   •     Hence  from 
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Theorem  li.l-ul,  we  conclude  that 

(U.U.8)  |u(x)|    <  Ch    for    x    I  Bhh  ,  b  -  1/8,   C^  «  (^(V,  M2/m2)   i 

^ow,   suppose     0  <  r  <  b    and  suppose  that    m    and     M    respectively,  the 
essential  inf  and  the  essential  sup  of     u(x)     on     B»      •     Choose     u,     so  that 
|S-|    <  | B i     1/2    where     S       and    S       are,  respectively,  the  sets  where     u(x)  >  u, 
and     u(x)   <  u,    .      Then,   if  we  replace  the     u     of  Lemma  U«U«6     by     (u  -  m)/(u,    -  m) 
and     (M  -  u)/(M  -  u., )     in  turn,  we  conclude  that 

(U.U.9)  u(x)  -  m  >  C^Cu.    -  m)     and     M  -  u(x)  >  C^(M  -  u. )     for    x    C   B 

—    i>    i  —    z>  l  r 

C^  «  MV,  Mg/mg)   ,  0  <  Cw  <  1     . 

Thus,   if  we  define     l|j(r)     as  the  essential  oscillation  (sup. — inf.)  of     u     on 

B     ,  we  conclude  that 
r  ' 

(U.h.10)  $(r)   <  ht(Ur)   ,  h  =  1  -  C^  ,       if     r  <  b 

Accordingly,  using  (U.U.8)  and  (U.U*10),  we  obtain 
I.  t(r)   <  2hn  C^     if     Wnb  <  r  <  hX~n  b,     n  >  1     . 

From  this,   it  follows  easily  that 

(U.U.ll)         t(r)  <  2C^(r/b)  °  <  C6r  °  ,     ^Q  *     -log  h/log  h  ,  0  <  r  <  b  . 
Accordingly,   if  a  set  of  measure     0     is  neglected,     u(x)  -^>  un    as     x  — >  0  ,  and 
(U.U.12)  |u(x)   -  uQ|   <  C6|x|  °     if     0  <  |x|    <  b  . 


Now,    suppose  we  choose     r  <  b/2     and  define      ''.  (x)   =  1     on     B     ,    'r/  (x) 

-  i,  r    V 

«  2  -  |x|/r  on  B2r  -  Bp  ,  ^(x)  =0  on  B1  -  B2r  ,  and  set  £  *  72-(u  -  uQ)in 
(U.U.I)  (b  =...  =f=0).  From  this  we  obtain 
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f  roxi  which  it  follows   in  the  usual  way  that 

(Wl.l3)S  -.  /B     I  Vu|2dx  <    C?r"2  /B       (u  -  uQ)2dx  <  C8r'J"2+^° 

using   (U.U.12).     Since     d(u,   B, )   -  1  ,    (U.U.13)  holds  for  0  <  r  <  1  .     But 
this  is   equivalent  to   (k»h»6) 

Next,  we  consider   (li.lwl)  when  the  coefficients     b  ,   c   ,   and     d    1   0     but 
e       and     f     are  not.     We  handle  the  term  in    f     by  means  of  a  potential  using 

the  following  theorem, 

THEOREM  lull. 3:     Suppose     f  £  L2(BR)     and 

0uU.UO  /      f2dx     <     L2(r/R)V"2+2^  0  <ja  <1  . 

r 

Suppose     V    is   the  potential  of     f   .     Then 

(U.U.I*)  /B      |^V|2dx  <  G2L2R2(r/R)A)"2^  ,  C   -  C(\),  *0 

r 

Moreover,   if     v  e  H0~(Bn)   ,    then 
—————     d(J      rt  

(U.U.16)  /      vfdx  =  -  /      v     V    dx 

BR  BR     ,a  ,a 

Proof;     The  last  statement  follows  by  approximating  to     v     and     f     by 
smooth  functions.     Moreover   (U«U«15>)  holds  for     (R/2)   <  r  <  R  ,   obviously,  on 
account  of   Theorem  2,6.2.     So  we  assume     r  <  R/2     and  hold  it  fixed*     We  define 

f       and     f,:     by 

£  ft)   -  ^fe)    +  f2fe)   ,  ^ft)   -  £  (|)     for   K  sB2p  ,  ^ft)   -  0     otherwise; 

and  let     V,      be  the  potential  of     f .  ,   k  =  1,    2.     As  in  the  proof  of  Theorem 
2.6.2,  we  find   that 


(U-U.17)     Rvk(x)|  <wk(x),  wx(x)  -  |^Vfi      k  -  xl^'ftffeJlde 

i  w2(x)  =  r:x/B  B    ic  -xi^uKik?  '    \ 

Then,  for  almost  all     x  ,  we  obtain 

(U.U.18)    ¥_2(x)  <  r?  fR     U-xj^dC.  L     |^x|:1"Vf2(€)d^<(2r).r"L     U-x|1Af2(0^ 

"    Vj  *2r  J  J2r  rD2r 
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since,  for  any  set    S     of  finite  measure,   it  is  Obvious   that 
(U.U.19)  ^4    ty]1"    <*^    <  r^1-/B      iwl^d^a    where      |Ba|    -   |S  |    . 

Integrating  (U.U.13)  and  using  (U.U.19),  we  obtain 

(U.ll.20)  /B    W^(x)dx  =  2r2/B2r  f2(^)d^    <    2r2L2(2r/R)V"2+2iJ' 

r 

Now,  clearly 

(U.U.21)  |(£)   <  |g  -  x|   <    |UI     ^     x    c   Bp,  4  e   3R  -  B2p  . 

Let  us  define 

(U.U.22)  iKr)  -/     |f(£)te 

r 

Then,  bj    the  Schwarz  inequality 

(h.h.23)  *(r)   <  Y^LR1"^  "M  "1+^  ,  0  <  r  <  R 

Then,  using  (U.U.17),    (U.I;. 21)—  (U.U.23),  we  obtain 

W2(x)   <  01  /^p1"^   f'(p)dp    <  CgU^^tCH)   +  (l>-  1)  y^,p  ~Vf(p)dp]   <  C3LR1-ir 
Hence 
(U.U.2U)       A     W2(x)dx  <C,2L2R2"'Vrg<;C2L2R2(r/R)^"2+2^ 

The  result  follows  from  (U.U.20),    (U.U.2U),  and  the  Minkowski  inequality. 

THEOREM  U.U.U:     Let     u     be  the  unique  solution  in     hLCB-J     of     (U.U.I) 
with    b     =  c     *  d  =  0     and  suppose  that     e     and     f  s    L?(BR)     and  satisfy  (U.U.lU). 
Then  there  is  a     G  =  C(V,   Mp/m?,  jj,)     such  that 

d(u,   B  )   <  C(Le   +  C,RLf  )(r/R)     "1^,   0  <  r  <  xR  ,  provided     0  <  jji  <  yQ  . 

C.     being  the  cons  "tan  t  of   Theorem  U.U.3     and     d(u,   B   )   =   ||Vu|L       • 

Proof :     If  we  let    V     be  the  potential  of     f   ,  we  see  from  Theorem  U.U.3 
that     u     satisfies   (U«U.l)  with    £  z  0     and     e       replaced  by 


E     ■  e 
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"  V,a  >   [  4    lE|2dbc^/2     <     <Le   +  C1HLf)(r/R)T"1^ 


So  it  is   sufficient  to  prove  the  theorem  with    f  —  0     and  set     L     ■  L  • 
To  do  this,  we  define 

(f(a)  «=  sup  L^dfu,  Bbs) 

for  all     e     satisfying  (U»U«lU)  with     R    replaced  by    b  ,  u  being  the  corres* 

ponding  solution  of   (luk»l)  in    Hp0(B.)   •     Then,  choose  any  e     satisfying 
(loU.lU),  choose     r    and    O    with    0  <  r  <  P<  R  ,  and  write     u  »  U  +  H     on    Bp 

where     H     is   the     a -harmonic  function  suon    3  b       •     Then,  since     H    is     a- 

P 

harmonic  and     U  °0     om    3Bfl, 

r 

I(u,   Bp)   -  I(U,   B     )   +  I(H,   Bp)  ,    I(v,   B     )  -    /B    a^v^v      dx  , 

d(H,   B     )■<  C2   (H2/m2)«d(u,   B     )  <  C2Lf(fl/R) 

from  the  definition  of    ™ .     Then,   if  we  apply  Theorem  U.U*3  and  the  definition 
of     y»  we  obtain 

d(u,   Br)   <  d(U,  Br)   ♦  d(H,   Br)  <  LMzf^^lr/p) 


(U.U.25) 


+    C2L<p(p/R)  •  (r/^)T-1+lAo     • 


since  e  clearly  satisfies  (U.U.lit)  on  B^  with  R  replaced  by  P    and  L 
by  L(p/R)    "    •*  •  Since  (luU.25)  holds  for  all  e  ,  etc.,  we  obtain 

(U.U.26)    CfKa)  <  tT"1+^f  (x/t)  +  C2<p(t)-(s/t)T"l4t;'o  ,  o  <  s  <  t  <  1  , 

where  we  set     s  «  r/R  ,   t  ■    p/R  « 

Now,   it  follows  easily  by  setting    v  «  u     in  (U.U»1)  that 

<p(l)   <  M2/m2  . 

Next,  choose     a    with    0  <  a  <  1  .     Then,  clearly 

Cp(s)  <  S0sT"1+ii    for     a  <  s   <  1     if    SQ  -  <P(l)-a1"T1A 
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2  -1 

Applying  (U.U.26)  with  a  <  s  <  a  and  t  =  a  s  ,  we  obtain 

(U.U.27)   °P  (s)  <  S^0"1^  for  a2  <  s  <  1  ,  ^  -  SQ(1  ♦  Cg'o),  «>  -  c  ° 

since     S,   >  S     .     Applying  (U.U.26)  with     au  <  s  <  a  ,  t  «  a"  3  ,  we  obtain 

f  (s)   <  S^"1^,   ^  <  s   <  1  ,   S2  -  SQ(1  +  C2CV)(1  +  C2<^) 
By  repeating  the  process,  we  find  that 

^(s)  ^Ss^1"^,  S  -SQ(1  +  C2co)(l  +  CZJ)(1  +  C2^)...,  0  <s  <1  . 

We  now  indicate  how  to  show  that  the  solutions  in    H2(D)     of  the  general 
equations   (U.U.I)  are  Holder  continuous  on  domains     ACCD  .     We  choose     BR  ■ 
B(xQ,    R)  C  D     and  write     u  »  uR  +  HR    on     BR  ,  where     HR    is  the     a-harmonic 
function     ■  u     on   ^  BR    so  that 

UR"  TRUr"WR      °n     BR 
where     TLu,,  ■  U_     and     UD    and    wVj    are  the  solutions  in    Hor.(B0)     of 

It  ft  ft  ft  it  cSJ      ft 


respectively.  It  is  then  possible  to  set  up  the  spaces  H0  (BD)  of  functions 

d9y,    ft 

u   e  H2(BR)     with  norm     ||u||  2        defined  by 

|u||^  «  max  l\\*\\,  sup^/R)1^"^^,  Bp)]   ,  0  <  {X  <  ^ 


From  Iheorem  U.U.2,  it  follows  that  if     fi^  e  H2(BR)  ,   then    HR  e  H2       (BR)    with 

||H|L        <  C,»||h|L  ,  C-     being  the  constant  of  that  theorem.     Then  the  reader 
^r^Q  —    1         ^        * 

can  prove  that  the  norm  of     TR  <  1/2     if     R  <  Rp  •     Then  it  follows  that  any 
solution  of  (U.U.I)  satisfies  a  condition 


d(u>   Br)  <  L(r/R)T"1+tx  ,0<r<R,0<R<R2 

whenever     BD  ■  B(x^,   R)  r  D  •     From  that,  it  follows,  using  Theorem  2.5.2,  that 

ft  u 
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u       is   Holder  continuous  on  compact  subsets  of     D   • 

Thus,    it  follows  that  the     p  n    are  Holder  continuous  on  compact  subsets 
of     Or  *     Hence  it  follows  that  the  coefficients     f  ,   etc.,  in     (h«3-9)  are 

Holder  continuous,   so  that  the     p       satisfy  equation  (luU«l)   in  which  the  co- 
efficients are  Holder  continuous.     Then,   from  the  results  of  §  3«6,  it  follows 
that  the?     p  A  s  C     ^(D)     for  each    DCCG  ;   in  other  words,   the  function 
z  e   C  "^(D)     for  such    D     and  is   easily  seen  to  satisfy  Eulerfs  equation  which, 
when  written  out    has  the  form 

Aap(x,z,vz)a     «     =    D(x,z,\7z) 

(U.U.28) 

A^Cx.Zjp)   -  f     „     (x,z,p),     D  -  f     -  paf         -fa, 
'  Papp  z  z*>a        Pa* 

In  case  higher  derivatives  of  f  are  Holder  continuous  on  bounded  parts 

of   (x,z,p) -space,  the  difference  quotient  procedure  can  be  applied  to  equations 

(L..U.28)  and  the  results  of  §   3«li  used  repeatedly  to  show  that  the  corresponding 

higher  derivatives  of  z  are  Holder -continuous  on  interior  domains.  We  leave 

the  carrying  out  of  this  program  to  the  reader. 

EXERCISES 
1.  Prove  Theorem  U«U«1«  2.  Prove  Lemma  U.U.5. 

3.  Show  that  there  is  an  Rp  >  0  which  depends  only  on  V,  3yu/m?,  \x9   and  the 
bounds  of  the  b  ,  c  ,  and  d  such  that  the  norm  of  TL  in  H0  (B.  ) 

<  1/2  if  0  <  H  <  R  • 

km     Show  that  if   the     A™  and     D  &  C     r     on  any  bounded  part  of      (x,z,p)  space, 

1  3 +u  f 

then  any  function     z  e   Hp,  (G)     which  satisfies    (U»3«U)  e   G     *vD)     on  each 

domain     DCCG  j     f     is  supposed  to  satisfy  one  of  the  sets   of  conditions 

in    §  lu3» 


CIMlPIER  5 
ELLIPTIC  EQUA1T0NS  OF  HIGHER  OLSDER 

5.1.     Elliptic  and  strongly  elliptic  equations.     In  this  chapter,  we  shall 
consider  equations  of  the  form 

(5.1.1)  Lu   +  \u     =    f  ,   Lu     =      J"    a   (x)Bau 

|of<m    a 

where 

(£.1.2)  Ca  =  D^1  ...  D  V,     and     D*  *     i"19/9x^  . 

We  snail  allow  the  coefficients  and  functions  to  be  complex  valued. 

DEFINITION:     For  each     x  ,   the  operator     L    is  a  polynomial  in    D  •     We 
define  the  characteristic  polynomial 
(5.1.3)  l/(x,f)     =       T    a>.)ka,    %a    =     (k1)"1  ...   (^TV 


,tt|=m 


and  will  define  the  principal  part  of  the  operator  L  by 


/ 


(5.1.1)  L  (x,  D)   -   T   a  (x)Da  . 

K=m  a 

DEFINITION:     The  equation  (5.1.1)  is  said  to  be  elliptic  in  a  domain    D 
iff  the  characteristic  polynomial  is  never  zero  for  any    x    in    D    and  any  real 
J/O  j   it  is  uniformly  elliptic  iff  that  polynomial  is  bounded  above  and  below 
in  absolute  value  for      |  c  |      =     1     and     x     in    D  • 

DEFINITION:      Ihe  equation  (5.1.1)  is   said  to  be  strongly  elliptic  in    D     iff 
there  is  a  couplex- valued  non-zero  function    p(x)     such  that 
(5.1.5)  R[p(x)L/(x,^  )]      >    0     for  real    C   /  0  . 

REMARK:     If  the  coefficients  of  the  principal  part  of     L     are  real,  then 
L     is  strongly  elliptic  ±f£  it  is   elliptic.        Ihis  is  not  true  if   the  coefficients 
are  comolex. 

3HS0REK  5.1.1:     Suppos e     D     is  a  set,  the  operator     L    in     (5*1.1)     is 
elliptic   (i.e.,   the  equation  is)     on    D  ,  and    V    >  2  •      Then     m     is  even* 


-Ill- 
Mo  re  over,  if  xQ  t.  B  and.  ^  Q  and   c   are  linearly  independent ,  the  polynomial 
L  (xn,  J0  +  z  ^Q)  in  2  has  the  same  number  of  roots  having  positive  imaginary 

parts  as  those  having  negative  imaginary  parts. 

£  t' 

Proof:     We  notice  first  that  if     zn     is  a  root  of     L(x_.   ^  „  +  zK)  ,  then 
—  '  ■  0  U     -/  o         q  u 

-  zQ     is  one  of     l(x0j  cQ  -  zkQ)   •     Since    V    >  2  ,  there  is  a  real  continuous 

.  f ' '         r  '  r'  tm/ 

voctor  function    £  (t)     on  [0,  1]     such  that     5  (0)   *  WQ     and      J  W   B  *   Sd 

and      s^)     an^     §n     are  a^wavs  linearly  independent.     The  results  follow 
since  the  roots  of     ^Cxq*    ^n  +  z?(t)]     vary  continuously  with    t     and  no  root 
is  real  for     0  <  t  <  1  . 

REMAJcK:     That  this  is  not  true  for    V    =  2     is  seen  by  considering  the 
oDerator 


2  £ -    ^-     +  i  £~  . 

3  z  dx  £y 

Moreover,   it  is  seen  that  any  function 

2         — 
w     *     (R     -  z z  )  f (z) 

is  a  solution  of     O   w/9z     ■    0     if     f(z)     is  analytic;  each  such  function 

vanishes  on    ^B(0,  tt)i 

5.2.  The  existence  theory  for  the  Dirichlet  problem  for  a  strongly  elliptic 
equation.   In  this  section,  we  discuss  the  existence  theory  for  the  equation 
(5»«1«1)  where  L  is  strongly  elliptic  and  of  order  2m  and  u  and  its  first 
m  -  1  normal  derivatives  are  prescribed  on  O  Qt    if  this  is  sufficiently 
smooth.  We  assume  that  the  factor  p  in  (5.1. 3>)  is  absorbed  into  L  so 
(5«1*5)  holds  iwith  p  1   1  •  By   subtracting  off  a  function  having  these  boundary 
values,  we  may  assume  that  our  desired  solution  u  ■;,  H2n(<J)  ,  in  which  case  we 
need  make  no  smoothness  assumptions  on  G  , 

'Die  developments  parallel  those  of  §§  3.1-3.3.  If  u  is  such  a  solution 
and  v  l  Cm(Q)  ,  it  follows  that 
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(5.2.1)  A  v(Lu  +  Xu)dx     =    A  v  f  dx  ,         If  the  coefficients 
a       with      |a|   >  m  £ '    cJ    '  (G)   ,   then  each  such  term    v  a    D  u     can  be 
integrated  by  parts      |c|    -  m    times  to  reduce   (5.2.1)  to  a  special  case  of  an 
equation  of  the  form  (3.1.U)  where     C(u,   v)     is  given  in  (3.1.5)  and  where 

(5.2.2)  B(u,  v)     =    A         y  A'rA(x)D°v  Dfu  dx,   L(v)     -A     T    EDavdx 


G   M7tyl<»  V 


Gri  -f-       a 


Evidently  the  integrations  by  parts  can  be  done  in  many  ways   giving  rise 
to  different  forms     B(u,  v)   •     However,  we  have  the  following  lemma: 

LEMA.  5.2.1:     Suppose     L     is   given  by  (5.1.1)     with     m    replaced  by     2m 
and  equation  (5.2.2)  is  obtained  from  (5.2.1)  by  integration  ty  parts  in  any  of 
thu  ways   suggested  above.     Then  A 

/  l    Cr 

(5.2.3)  T       a   (x)|a     -        J"  A    /jW^S    . 

Proof :     Suppose  that  the  formula  (5.2.2)  for     B(u3  v)     is  obtained  from  the 

integral  of     v  Lu     by  integration  by  parts  in  a  certain  order.     It  is  clear 

that,  for  any    x^     in     G  ,   one  would  obtain  the  formula 

(5.2.1;)  Avl/(x  ,D)udx  .  /        T      A     _  (xn)Dav  D?udx 
J  °  G|aPTj9^Gp     ° 

which  would  hold  for  any  u  and  v  £.  C  (G)  •  In  the  process  of  carrying  out 

the  integrations  ty  parts  in  a  given  order,  one  would  generate  a  sequence  of 

forms  ' 

(5.2.5)  -   J"     A^(xjDavD^u 

in  which  each  was  obtained  from  the  preceding  by  a  single  integration  by  parts. 
Suppose  we  consider  a  single  term  in  (5.2.5)  with  |c|  <  m  ;   we  can  write  the 
integral  of  that  term  in  the  form 


'o-y 


v-v   &.—  ^k 


(5.2.6)  A  A  x  (xn)  D       ...  D     v  Da     ...  D*udx  (h  +  k  *  2m) 


G    r 


V  W     4 


/0 

in  which  each     a      and       j6.      is  between     1     and   "V    and  the-  next  integration 

s  i  "C 
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h 

by  parts  is  with  respect  to  x  '   .  Carrying  that  out,  we  see  that  (5,2. 6) 
equals  (note  the  definition  of  D  ) 


U  1"^k(xo)  V"  DflL  DA,vD&u  •••  D0kudx 


I     ...D       Da   v  DA  l 

°i      \    Ri     P2 


It  is  clear  from  this  that 


T  A^(xJ^G^      -  T  Ar+1(xJ^a^ 


|a|+l7|-2in     a^>     °  |a|tf,|=2m     afi 


V-"  i 


I 
from  which  the  result  follows • 

As  in  $  3.1,  then  we  shall  consider  equations  of  the  form  (3«l*ll)  in  which 

C(u,  v)  is  given  in  (3«lo)  and  B(u,  v)  and  L(v)  are  defined  in  (5,2.2) 

where  we  assume: 

GENERAL  ASSUMPTIONS :   The  coefficients  A  *    are  bounded  and  measurable  on 

a/, 

the  bounded  domain    G    and  those  for  which     \a\   =   |    j    ■  m    are  continuous  on 

G     and  we   assume   that 

(5.2.7)  (1  -  h)|t  i2"1     <    ite  T        An >)^a^    <(1   +h)|^|2m,0<h<l 

for  all     x     on     G     and  all  real   t    • 

THEOREM  £• 2.1  (GardingTs   inequality):     Ihere  are  constants     ML     and     \     , 
which  depend  only  on  *\^ 9  m  ,  h  ,  bounds  for  the  coefficients,   the  moduli  of 
continuity  of  those     A        with      j  a  j    =    \&\   =  m  9   and  the  diameter  of     G  ,  such  that 

|B  <u,   v)|     <    kj  u   ||  !|  v  [j     ,  u  ,  v  e  h£0(g) 

Re  3(Uj  u)    >  iL^Jsl  |j  u  ||2.  x0c(u,  u)    (|ff ||  -  ||<pQ 

(!lf!|2   -   /GiVmf|2dx) 

Proof :  It  is  sufficient  to  prove  this  for  u  3   v  £  C  (G)  .  The  existence 
of  PL  follows  from  the  form  of  B  and  the  Poincare  inequality  (Theorem  2.1.5>)« 
lb  prov2  the  second  inequality,  let  £  >  0  •  G  can  be  covered  by  a  finite 
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number  of  spheres     B(x. ,  r . )     such  that     |a_  -  (x)   -  A    *  (x.)|   <   t  for 

x  j;  GO  B(x.,  r , )     for  each     i  ,  whenever      |a|    *    \B\    -  m  •     Clearly,  there  is 

a  sequence     £, ,    ...,  Kc     in  which  each    X,    £   C   (EAJ     and  has  support  in  some 

2  2  — 

one  sphere     B.   ■  B(x.,  r.)     such  that     C  +  ...   +  L  3  1     on    G.     Then,  as  in 

the  proof  of  Theorem  3.3.2,  we  see  that      «  . 

Re  B(u,  u)  «  Re  b'(u,  u)   ♦  Re  A    7"        T"  fcf  A  •    (x)  Dau  D  r udx 

s  Q    fel   |aF|£«m    »     a 

-Be  B*(u,u)   ♦  Bb  /Q  J^  r,.^!^  Aa/g  Wd\  d\  dx  , 

where     B*(u,   v)     is  a  form  like     B(u,   v)     but  with    A7"  -H.  0    when     |a|   ■   |  ft\   ■  m 

But  now  the  last  term  in  (5.2.8) 

Clearly  the  absolute  value  of  the  second  term  in  (5.2.9) 

S  2 

(5.2.10)        <    c1(V,  m)  •  i  Z  li  u£ 


s 
s«l 


*> 


If  we  introduce  the  Fourier  transforms    'u      of     u       by 

s  s 

the  Plancherel  theorem  shows  that  the  first  integral  in  (5.2.9) 

-    /"    t     tReA       (x)yayf^3(y)|2]ciy    >     (1  -  h)  f     ||  ug    ||2  . 

s  =1  p  a  »i 

Now,   using  the  fact  that     \/mu       -    ^  Vu     «     £\7m  +    M  u  ,  where    Ma     is  of 

S  o  s      u  s  s 

order     m  -  1  ,  and  using  (5.2.8),    (5.2,9),    (5.2.10),  we  obtain 

Re  B(u,  u)     >     (1  -  h  -  G  C  )  ||  u   |2  -  Re  b'"(u,   u) 

where     By"  is  a  form  like     B*.     Using  Theorem  2,7.3   (we  may  think  of     GCB(x0,R)) 

2  ■»!    2 

and  the  device      1 2ab |  ^^a     +"p)     b     ,we  obtain  the  result,   since    £     may  be 

taken  arbitrarily  small. 

Using  Theorem  5*2.1  and  Theorem  3.1.2   (the  Lemma  of  Lax  and  IdJLgram)  one 
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can  prove  the  analog  of   Theorem  3.1.U  after  first  proving  that  of  Theorem  3«1.3> 

the  uroofs   being  similar.      Then  if   the  coefficients     A     o    are  all  Lipschitz,    the 

b  a  \p 

difference -quotient  procedure  of   §  3.2  can  be  used  to  show  that  any  solution 
u  £  H?(D)     for  each     D  C  C  G  €.  H^+1(D)     for  each  such     D     if  the  coefficients 
E       in     L(v)    (see    (5.2.2))  are  in  H?(D)     for  such     D   •     Instead  of  doing  this 
the  way  it  was  done  in  §  3.2,    it  is  necessary  to  carry  out  the  procedure  of 
that  section  for  small  neighborhoods  mapped  on  spheres  or  hemispheres.     If     G 
is   of  class     C,    }   the  mappings  may  be  of   that  class  and     3(u,   v)     corresponds 


to  a  form  in  which  the  coefficients     A    ^  are  Lipschitz  in  the  new  coordinates. 

LEMMA  5.2.2:     If  the  coefficients     A    -,    satisfy  the  general  assumptions 

i 
on     Bp       =     B(xn,   R~)   9   there   exists  an     R_      with     0  <  R_    <  TL     which  depends 

on  the  quantities  mentioned  in   The orem  5.2.1  such  that 

Re  3(n,  u)     >    4^ii  (||  u  j|R)2        (|||u   ||R  -  ||  u   ||™0R)    if     0  <  H  <  ^ 

if     u  Z  Hpn~,   •      The  same  result  holds  with     BR     replaced  by     G„  • 


Proof:     If  we  set     G  *  BD     or     Gra     as  the  case  may  be. 

■  A,  i"l  

B(u,   u)    =  b'(u,   u)      +    /  T  A    ft(xn)DGu  Dfli 

G   |aR(5l=m     <f    ° 


dx 


(5.2.11)  _  >  —    Q 

*    fn  >  [A     .(x)   -  A        (x  )]  D  u  Dpidx 

where     A     ,  ~    0     if      I  a !  =  I  o  I  =ra  •      The  last  term  is  dominated  by 

(5.2.12)  '  •  £(R)   •    ||  u    ||2 

and,   as   in  the  proof  of  the  preceding  theorem,  we  see  that     B  (u,   u)     is  also 
dominated  by   (5.2.12)     and 

Re  /a   ,    XI.        Aa     (xQ)  Dau  dPu  dx     >     (l-h)!|u||2 
laHjBl=m       r 

THEOREM  5.2.2   (Interior  bound edness) :     Suppose   the  hypotheses   of  Lemma  5*2.2 
hold  and  suppose     Pc  <  R.    •     Suppose   the  coefficients     E       in  L(v)      (see   (5.2.2)) 
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Tm 


£    L0(B  )   ,    suppos e     u  £  H-"   (BD)     and     u  <b  H9(B_)     for  each     r  <  R    and  suppose 

_  tt  .———_—_».  £  ft  -____  ^  v»  _____     __ _____  _____     _________ 

u     is  a  solution  of   (3.1.U)  for  each    v  _.  II- -     with  compact  support  in     Bp   • 

Then 

(5.2.13)  /       |n|_<C,{|u|^)2*0         7       (t|Ej|°)2 

r  I  o]<  m  ' 

where  C,  and  C2  depend  only  on  the  quantities  mentioned  in  Theorem  5*2.1  and 

on  R  and  r  •   The  same  result  holds  if  B   is  replaced  by  G   for  r  <  R 

if   V'  u  =  °  -long  a   for  0  <  j  <  m  -  1  • 


Proof :     Let     £(x)   *  h[(|x  -  xJ    -  r)/(R  -  r)]     where     h     is  of  class     C 


00 


on     E-,    ,  h(s)   =  1    for     s   <  l/U     and     h(s)   =  0     for    s   >  3/U  9   h     being  monotone. 
It  is  sufficient  to  prove  this  for     r  >  R/2  ;   in  this  case 

|7d  S(x)|     <    h     •    (B  -  r)~J  ,   j  -  1,    2,   ...   . 
Then,  define 

v(x)     -     -f(x)U(x)   ,    U(x)     -     £m(x)u(x)   . 

Then  it  is  easy  to  verify  that     U  }  v  £  KrL(Bri)   ,   have  support  there,   and 

(5. 2.1)4)  Bav     =     ^[D^  +  Ma(£,  u)]   ,   ^dPu  "  DTU  +  nP(-_,  u) 

where     M      involves  derivatives  of     u     of  order     <  j  ex  j     and     N;      those  of  order 

<  I  u|   ;  both  involve  derivatives  of     £  •     Prom  (5»2.1_i),  we  conclude  that 

(5.2.15)       B(u,   v)   -  B(U,   U)    +  B^U,   u)    1-  B2(u,  u>,    ||L  v||  <  _-[  ||u|^  HN^  IMg 

where     B,      and     B0     involve  onlv  derivatives  of  u     of  order     <  m  -  1     and 
12"  — 

0   2 
(||_|L)       denotes   the   second  term  on  the  right  in   (5.2.13).      Thus,  from  the 

lemma,    (5.2.15) 9  and  the  usual  devices  we  see  that 

&ij-i  (II  n  ||m0)2   -    c^ll  u  lif1)2   <   o3[||  u  ||™0  +  I  u  II™"1]  ||E||° 

from  which  the  theorem  follows.     The  proof  for     G-,     is  the  same. 
The  following  lemma  is  useful  in  proving  the  next  theorem. 
!___■__  5.2.3:     If      r     isa  cell      ["*:  aa  <  xa  <  ba    and      £   >  0  ,  there  is 
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a  constant     C(V,  m,  6.  D     such  that 

(5.2.16)     /        T        T     |D2m-J  D°u|2  dx     <£/     |D2?u  1 2dx  +  C/  T  T         ' 


|i£dPu|2 


lpl< 


for  all     u  J  L   (  P)    ;  here,  we  assume     a       «   r«  *  0  • 

Proof;     We  first  prove  the  lemma  for  the  case  that    u    has  compact  support 
on  some  cell     f5  and  show  that     C       can  be  chosen  so  that  there  is  a  constant 


Cp     such  that 


2m    x2     ■       r^  ,     .2m   .2   , 


(5.2.17)  (II  u   |||™p>     <  C2[C/     |D^mu|c  dx  +G1J(u,    T)] 

where     J    denotes  the  last  integral  in  (5.2.16) •     Letting     I(u,    P)     denote  the 
first  integral  in  (5.2.16)  and  taking  Fourier  transforms,   (5.2.16)  and   (5*2.17) 


are  equivalent,  respectively,    to 


*-  .      J-0   lfil<2ra-j  J 

/^  U+lyl^l'uMlV  <  c2k(u)  , 

both  of  which  clearly  hold  if     C1     and     Cp     are  large  enough. 

Now,   in  general,  suppose  no  such    C     exists  for  a  given     £  •     Ihen  there 

is  a  sequence     u    —j    u     in    H«  ( P)     such  that     ||u     |L  r   ■  1  for  each  n    and 

n  g.  ti    c9\ 

(5.2.18)  «      2l(ur/D>fy;   |D?> n|2dx  +  nJ(u,    n  • 

Since  Ku^,  f)  <  KP   *  it  follows    -n  that  /n        ^     /   u  -  0.     Now, 

let  us  extend  each     <^u  to  a  somewhat  larger  cell      P     =  [a,   b  ]     by  applying 

formulas   like   (2.U.1)  across   each  face  in  turn.     Obviously,   we  may  assume  the 

u    &  C  (P)   •     Moreover,   there  is  a  constant     C->     such  that 
n  '  3 

(5.2.19)  HdAJz  <     lt>Punll^p/<    G3||D^n||°jr/ 

for  each  particular     p    with    0  <  ]&  |    <  2m    and  the  extended     u    — ?  b     in     P   • 
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Now,  let  h  be  the  function  in  the  proof  of  Theorem  ' 5*2.2  and  let 


V  /  j 

K(x)   =  IT  h[(xa  -  ba)/(ba  -  ba)]-h[aa  -  xa)/(aa  -  a)]  ,  U  (x)  =  £(x)u  (x)  , 
a*l  a         n 

Since  all  the  derivatives     D'"u    — >  0     in     Lp(D     if      |A|    <  2m  -  1,  we  see  that 

(5.2.20)  l(Un,    H  >  «V    P)  >G3le/p/lD^luni2dx  +  cfnJ<<\>    !")  -   Sn 

(5.2.21)  1  <  ||  Un||^mp/  <C3(1   +  £)    ,   lim     £n—  >0 

'  i  n— >co 

But  since     U      has  compact  support  and   (5.  2. 21)  holds,  we  see  from  (5.2.17)   that 

(5.2.22)  I(U  ,fl)   >  (2'1cff)  /       |D2mU   I2chc  +  2"1C"2nJ(U  ,    p),  n  >  IL 

But,  from  the  first  paragraph,   there  is  a     C,      such  that 

(5.2.23)  l(Un:   Pi     <     (2"S;|)/       |D^Un|2dx  •♦C1J(Unf    [") 

If     n  >  N2  ,    (5.2.22)  and   (5.2.23)     both  hold  only  if     U        0  ,  which  contra- 
dicts  (5.2.21). 

THEOREM  5.2.3.     If     G    is  of  class     C^1**1  ,  all  the  coefficients 


A    S,  Ci12'""   (G),  and  all  the  coefficients     E    £  h'u'(G)   ,   then  any  solution    u 


in     HJL(G)     of   (3.1.U)  £   H2m(G)   . 


*20v^     —   *•'•*•'*'  **      2 

Proof:     Each  point    x^  in     G  r-    a  sphere  B(xn,   Rn)  C'Q    and  each  point 

x~     on    ^G     is  in  a  boundary  neighborhood     H  which  can  be  mapped  in  the  usual 

way  onto  the  half -cube     0R  :  D  <  x^    <  fL,    |x  |   <  RQ    for     a  <  V  by  a  map  of 

class     C      :   in  the  latter  case  the  new  coefficients     A    n   and  new    E       satisfy 
1  aft  a  ■ 

the  same  differentiability  conditions  and     I!  ft  d  G    corresponds,  say     to  the 

face     x         =  0   .     So  we  may  carry  out  the  difference  quotient  procedure  on  spheres 

B,-,     or  half -cubes     CR     and  assume     R  <  PL    . 

If  we  are   given     r    with     R/2  <  r  <  R  ,   choose     r     =  r  +  6  ,   r"  *  r  +  26  , 

where     R  =  r   +36   .     Let     v  £  C   (B  •)   ,   choose     y    between     1     and   l)     and  let 

c  r 

e   denote  the  unit  vector  in  the  x   direction  and  define  v.   and  u,   by 
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vh(x)    =  h_1[v(x  -  he.)   -  v(x)]    =  -hT1  /Q  v  (x-te   )dt     0  <  |h|   <  6 


(5-2-2ii)  uh(x)     =     h^LuCx  +  he^   -  u(x)j   .  X        r"' 


Then  proceeding  as   in  §>  3.2  and  transposing  the  terms  involving    D  v    for 
| ex j    <  m     to  the  right  side,  we  see  that   (3.1.U)   becomes 

(5.2.25)  BQ(uh,  v*3*)      =     Lh(v,    b')      (B*  =     B,) 

BQ(V   v,   B')     -    /        r      A.D^D^dx 

3  -m         Y 


B 


(5.2.26) 


<  m 


ji< 


dx 


L.(v,    3')      -    //(  J"     K      Dav  +      5"     EK     Dav       f 
^  B    lla-p,     ^  |crRn     ha         ,YJ 

Eha(x)   «  h"lAEa(x)   -  h"*1      Y      DPu(x  +  he.^A    g(x)  if      |a|   -  m 

(5.2.27)  ,     h    _    ^  r-m  -j 

Eha(x)   =  h      f0      ,Z   «  Aafc(x  +  teY)D     U(x  +  tef  *  Ea(x  +  teYJdt 

if      |a|    <  m 

(A<ftx)   *       (x  +  hey)   -  fix)) 

Now,  from  the  formulas    (5.2.25)   through  (5.2.27),  we  notice  that  the     u, 
and  the     E-        satisfy  the  hypotheses  of  Theorem  5.2.2  uniformly  in     h    for 
0  <  Jh|    <   5    and     x     on     B       so  that     || V  u,  |L  R    is  uniformly  bounded.     Hence, 
for  a  subsequence  of     h  — >  0  ,  u,    — 7    something  in     !£>(£)     which  must  be     u       • 
As  in  §  3.2,  we  conclude  that  the     u  ,      satisfy  the  limiting  equations  which  are 
of  the  form 

3Q(u^y,  vj   B)      =     L^v,   B) 

in  which  the     E,  .       with     I  cxi    =  m     involve  first  derivatives  of  those     A    />  and 

lya  '    '  ap 

E      with      |a|    =  m  ,   the     Diu    with     |A|    <  m  ,  and  certain     E      with      |a|   •  m  -  lj 
the     E-,         with     |a|    <m     involve  the     A    />   and     E      with     |y|    3    |a|    +  1     and 
the     Dp  u    with     \p\    <  m  .     It  can  be  verified  that  the  given  differentiability 
of   the  coefficients  and  of  the     E       allows  the  difference -quotient  procedure  to 
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be  carried  out.  m  times  to  conclude  that  u  £  H0  (B  )  for  each  r  <  R  • 

c      r 

In  case  we  are  working  on     CL,    and     "V^u  =  0     on    yn     (where    x       *  0  )     or 

ft  ft 

0  <  j  <  m  -  1  ,   the  difference -quotient  procedure  can  be  carried  out  in  the 
tangential  directions  to  conclude  that  every    D  u    with     |a|   <    m    in  which  no 

derivative  with  respect  to    x        is  involved     £  Hp(C     )     for  each    r  <  R    and 

r    r 

vanishes  with  its  derivatives  of  order     <  m  -  1     on    y     •     On  any  subdomain 

C         of     C      where     yv   >/fl  >  o  ,  the  procedure  can  be  carried  out  in  the    x 

^  2m 

direction  also,   so  that    u  ^&2        on  arW  suc^  domain  and  satisfies  an  equation 

(5.2,28)  Lu     =    f 

on    G     .     On  account  of  the  ellipticity,  the  equation  (5»2.28)  can  be  solved 

for     D  ,    u     in  terms  of  the  other  derivatives.     Thus 

("  DVU|I2  )2*tl    -    °tl(U'   °«t}    +  J(U'  Crl)3 

But,  using  the  lemma  with     £,  *  1/2  C  ,  we  conclude  that 

(5.2.29)  OlD^la  )L<   c  J(u,  cr^) 

But  since  J(u,  C  )  <  co  ,  we  use  (5»2.29)  and  the  lemma  to  conclude  that 

r 

u  £  Hf  (Cr)   . 

Ey  keeping  track  of  the  differentiability   of   the  coefficients,   it  is  seen 
that  we  have  proved  the  following 

2m -1 
THEOREM  5«2.U:     If     G     is   of  class     C,  *         and  the  coefficients     a      with 


|a|    >  m  t  G |al"m"   (a)     and    (5.1.5)   holds  with    p  2  1  ,   then  there  is  a  unique 
solution     u     in     H2   (G)  f\  H-,Q(G)     of   (5.1«1)  for  any     X    not   in  a  set    i^  with- 
out  limit  points  in  the  plane.     If     X  £  <#,  the  usual  alternative  holds . 

5*3.     Reduction  of   the  differentiability  requirements . 

it  is   now  possible  to  remove  the  differentiability  restrictions   on 

the     a       as   in  5  3-3. 

a  ' 
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GENERAL  ASSUMPTIONS;     We  assume  tiiat   the     a       are  bounded  and  measurable 

a 

with  those  for  which     |a|    =  2m    continuous   on  our  domain     G    and  we  also  assume 
that  the  equation  (5* 1*1)  is  uniformly  elliptic,   at  least. 

LEMMA,  5.3.1:      (a)     There  are  constants     C(\),  m,  h)     and     R, ,  where     R. 
depends   on    \)  ,  m,   h,     the  bounds  for  the  coefficients,   and  the  moduli  of  con- 
tinuity of  those     a       with     |  a |    «  2m  ,   such  that 

2m  „    it  T    ii  0 


u   ||^R    <    C    ||  I»||^R,  0  <  R  <  Rj_ 
if     u  £,  H9   (Bj     and  vanishes  near    ^BP  ;  here 

h     *    min       ll»  (x.  «)  |      ,    r  real. 

(b)      The  corresponding  result  holds   on     GR     if     L     is  s trongly 
elliptic  and   (5.1.5)  holds  with    p  rf  1  ,  provided    u     vanishes  near      5~  p     and 
\?  Ju  *  0     along     a      for     0  <  j   <  m  -  1   . 

Proof  of   (a):     If     L  u     *      T~       a   (0)Dau  ,  we  see  that 

°  |oP2m     a 

Lnu  ■  Lu  -      T"       [a   (x)   -  a   (0)]Dau  T"        a   (x)Dau 

|af=2m  |aj<2m 

By  taking  Fourier  transforms,  we  see  that 


■-    h2||P2mu||2 
||V2m^u||°        <    2-J/2^||\?2mu|!^R    . 


2,R    -  "    »  v      ""2,R 

'Die  remainder  of   the  proof  is  like   that  of  Lemma  3.3.1. 

Proof  of    (b) :     We  shall  first  prove   (b)  with     L     replaced  by  the  operator 
LQ     of  part   (a)     which  is  now  strongly  elliptic.     Since     u     vanishes  near    ]jjT  R  j 
it  follows  by  successive   integrations   that 


||?2m-Ju!|°jR  <  o^gv^l 


R 


R 
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The  remainder  of   the  proof  is  like    that  of  Lemma  3.3.1. 

Next,   let   ^K    be  a  mollifier  in  the  variables     x   ,     and  let     u       denote  the 

]  P    2m 

Y^-mollified  functions  in  these   variables.     By  approximating    u     by     C 

functions  it  is   easy  to  derive  formulas  for  the  derivatives   of     u  ~    which  show 

JO 

that  if   P   >  0  ,   each     D^u^    X.,    C         (G.J  C\  HL   (G.J     if     Y     is  any  index-vector 

with     y  v    ~  "J  )   moreover,    if'    p    is   small  enough,      the     u^>     vanish  hear     > 

T?  i 

and      ■'  Jup   =  0     along     a„     if     0  <  j   <  m  -  1   .     We  prove   the  result  for     u  _ 

and  then  let    O    — >  0   • 

Tf     0  <  P    <  Pn  ,  we  have,   by  integration  by  parts 

Re/    r(DTu/3)Ln(Bru^)dx     =     Re/,,         ]f  T         A    .(O^^^^u^dx 

Gry         F  I  "H        Y    M=Tj3N     T  JT  ' 

(5.3.1)  a_H,^        o 

>    /G  k       ,  Y.         ID        uJ"dx  =  J(up   GR)-k  ,   k  >  0  , 
JR      |  a  |  =  jy  |  =m  7  I 

to  use  the  notation  of  Lemma  5 • 2 • 3 |  here  the  summation  is  extended  overaall  index 

sequences     y    with      |y|    =  m    and     y  .    =  0   .      Integrating  the  left  side  of    (5*3.1) 

by  parts  and  applying  the  Schwarz  inequality,  we   obtain 

(5.3-2)  J(u     ,   GR       <     C(%>,  m)(  ||  LQu^  ||°  )2 

2m 
But.     Q  ''uri     can  be  solved  for  in  terms  of     L„u     and  the  other  derivatives. 

v  y  ° 

Thus,  by  repeating  the  last  paragraph  of  the  proof  of   Theorem  5.2,3,  we  arrive 

at  the  result. 

2m -1 
THEOREM  5.3.1:     \1_     G    is   of  class     C,  '*         and     L     is  strongly  elliptic  with 

p  =1 1     in   (5.1.5),    ther 3   is  a  constant     C   ,   depending  only  on     %j,  m,   k   (strong 
elliptic ity  bound),    G,    the  b ounds   for  the  coefficients,   and,  the  moduli  of  con- 
tinuity of  those     a       with      |a|    =  2m  ,  s uc h  that 

Uujlf    <    C[||Lu||°*   ||u||°j 

'Die  proof  parallels  that  of  Theorem  3.3.1;   of  course  the  affine   transforma- 
tions  are  neither  necessary  nor  advantageous. 
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THEOHPM  5»3. 2:      Under  the   hypotheses   of  Theorem  5.3.1,  there  is  a  real 
number     X       and  a  constant     C   ,   depending  only  on  the  quantities   mentioned  in 
that  theorem,  such  that 

||  u||^m    <    Cj|  Lu  +  Xu||°    if     X  real   ,   X  >  \Q  ,  u  £  H^O)   A^fG)   . 

Hie  proof  parallels  that  of   Theorem  3 .3.2. 

THEOREM  5^3.3 :     The  conclusions   of   Theorem  5.2.U  hold  under  the  hypotheses 
of   this    section. 

The  proof  parallels  that  of  Theorem  3.3.3. 

5.1i.      The  fundamental  solution  of  an  elliptic  equation  with  constant  co- 
efficients.     In  order  to  obtain  "Schauder  estimates,"  i.e.,   estimates  concerning 

ii 

the  Holder  continuity,  for  the  solutions   of  elliptic  equations,   it  is  expedient 

u 

to  have  a  fundamental  solution"  for  such  an  equation  with  constant  coefficients 

to  take  the  place   of  the  function     Kn(y)     of  Chapters  1,    2,  and  3.     We  assume 
an  equation  of  the  form.   (5*1.1)  with    X  =  0    where     L    is  elliptic,  has  constant 
coefficients,   is  of  order     2m  ,  and     L  =  L     • 


Let  us   assume  that     f    £.    C       (S     )     and  introduce  the  Fourier  transforms 

c 

u(y)     =     (Stt)-'^2  /_«    e-i(y*x)U(x)cbc 

(5.U.1)  . 

—  CD  »-'         "■» 

Taking  the  transform  of  equation   (5.1.1)  leads   to  the  equation 
(5.I-.2)  L(y)u(y)   =  f  (y)   ,     L(y)     -      ,  T      a  ya 

However,      L(y)  /  0    for    y  /*  0     but  is  homogeneous  of  degree     2m     and  so  vanishes 
to  that  order  at  the  origin.     Consequently  a  rigorous  solution  of   (5.1.1)  cannot 
be  given  using   this  method,  without  some  modifications. 

Accordingly,  we  shall  use   (5.U.2)  merely  to  give  a  heuristic  derivation  of 
a  formula  for  the  fundamental  solution  as  follows:     Taking  the  inverse  Fourier 
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transform  in   (5.4.1)  and    (5.4.2),  we  obtain 

u(x)    -  (2n)-^/_-    e1^  L^yH  /  £  e"1^  f  (^)d'f  ]dy 
(5.4.3) 

85   f-Z  K(x  -  5  )f(5)d  S'  where 

(5.4.4)  K(x)    =     (2rr)-V  /  °>   e1^*  L"1(y)dy 


-oo 


formally.     "low,    in  (5.4.h),  we  take  polar  coordinates     y  =  r*?9  where      \>t)\   ■  1 
and   (5«4.4)  becomes 


I*/ 

v. 

Now,   if     m  >  V/2  >  the  integral   in  the  bracket  divL«rges  at     r  =  0   ,  and  if 

m  <  \)/2  ,   it  divorces   at      oo   •     However.,   it  is  a  function     F[i(x»^)3    • 

Now,    if  we  write 

(5.4.6)  <£(x)     =    /j^|=1  L^C^FCKx-^ld 

2m 
and     v  £  C    *     3nd  analytic,  we  notice  that 

„  CL/Y)/     \  r  s*\  a~  ~1 


LfW    =    /^|=ii?(2r,)^^^ci7(^)     =  tp|x|) 


(5-2-7)  „(2n) 


If  we  consider  the  function 

(5.4.8)  F(   )   =  W^    °°  rh"VSdr  »  fh(s)  •  (2rr)" V 

we  see  that,    if     h  >  1  ,  this   is  analytic  for     (Jus)   <  0     and,  in  fact 

(5.4.9)  fn(s)   =  (-l)11-3^  -  l)i  s~h.   ,  fh"(s)   =  fh+1(s)   ,  fljs)   <0  . 

If  we  use   (5.4.9)   to  define     f,      for     h  <  0  ,  we  are  lead  to  defining 

>±j   [log   (-S)    -C   ]    ,   h>0   ,    C0   =0 

Jh(s)      =    < 

(-1)     a(-h  -l)Jah     ,   h  <  0  ,  Cfa  *  1  +  ...    +  h"1  ,  h  >  1 


If  we  set 


-V        -l 

K(x)   =   (2rr)    ^  f 


^IVv1^!)^^ 
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the  step  (5.U.7)  could  not  be  carried  — L,  „Ince  J  .,.  [i(x»-7V)  ]  would  not  be 
integrable.  So,  we  choose  q  =  0  or  1  so  that  \J     +  q  is  even  and  define 


(5.U.10) 


ir(x)   =  -(2ni)-^i4/r  L"x(^)J2in4<1[i(x.r,)Jd£  (-?) 


(x)    -   A(V'^)/2K%)    . 
NoWj    if   })    is   even  so     q  ■  O  ,   it  is  clear   (cf.  5«lul2  below)   that 

(5.U.11)         K*(-x)   =  K%c)     =     P(x)  log   |x|    +  Q(x)       (1 J  even) 

where     P     is  a  homogeneous  polynomial  of  degree     2m  and     ^     is  positively  homo- 
geneous of  degree     2m  .      If    ^    is    odd,    so     q  =  1  ,  we  have 

K%c)   -  -(?r,i)-^i-q/.   L-1^)   i2°'S^2m4q  [log   |x|    ♦  loJ&-  C^d^) 
(5.U.12)    =  -(2ni)-V-l)m|x|2"Hqw/>     L"1^)  •^^^  (-it)d  J(jj> 

=    K2iri)_  "(VS)!2"1"1   |x|2m^  /_  L"X(4;).[  |  *  •  .*;>|2m*V(2„wq).']d  7  . 

In  this  case     K"     is  positively  homogeneous   of  degree     2m  +  q    and 

(5.U.13)  K*(-x)    -    k*|x)  . 

In  either  case 

(5.U.1U)  LK*(x)     =    M(x)     =     -(2Tfi)"Vi"q  /_.     J  [i(x«f^)]dj;(« 

and     K     has   homogeneity  properties   like   those  of     K"     and     K     also  satisfies 

(5.lul3).     We  now  prove 

A  (nj*a   2)/2  /-(V-2)-1r"1|x|2"V,V>2  . 

/i  log   |x|  ,V  -  2  . 

Proof:     If  U     =  2k     so    q  *  0  9   then 

M(x)     =     (-l)k"1(2iT)"2k   F2klog   |x|    +  const.    • 
By  computation,   we   see  that 

Ak"1M(x)      =     2-(2TT)"2k    T2k   (~±)k~2   (k  "  2)j(k  -  l)i«22k-U|x|2"2k 
The  result  follows  from  the  formula 
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r       **Vfz      r  2rrk 

2 


If  =  2k  +  1,  q  =  1  ,   then 

M(x)      =     -(2tT)2k"1(-l)k+1  /       i(x-^)[log   jx|    +  log  il2-  -  l]d  £(*?) 

-     (-l)k(2tr)-2k-1  ilx|     /  (t-*)(-iTr)d7  (t) 

=     (-l)k  W^)-21"1   |x|-     /0n/2   T2k  =os  f .-  sin2^ df 

=     (-l)k  n-2k-2-2k-1   T2k  •   (2k)-1   |x|     =    C    |x| 

Ihsn 

4-l+(Vn)/2  M(x)    .    /\k  K(x)    .  C(.1)k-l(2k  .   2)j(2k)iX|1-2k 


,  _2-2k  „-k  (ac-2)i  |x|i-2k  =  .(a.D-y^-^-^ 

U"1}J  2(k-l)J 

-  -(2k .  ir1-  r^i  ix.ii-ak  -  ^(«) . 


2tt' 

LEMMA.  5*1:     If    xn     is  a  real  vector  f  0  ,  there  are  functions     c^(x)   , 
analytic  near    x     ,  such  that  the  trans f o rmation 

(5.U.15)  Kr  =  craU)*?a 

is  a  rotation  of  axes  for  each  real    x     near     x,     and  such  that 

x  •  A?  -   |x|C 

Proof:     Let     ^f     =  xa/|x|   •     By  a  fixed  rotation  of  axes,  we  may  assume 
tn  =  (1,  0,    .,.,   0)    .     If,    in  (£.U.15>)    the  superscript     y    denotes  the     row, 
i-re  define 

C    (x)        =     6       ,     G    =    1,     ...,     *P 

and  then  notice  that  there  is  a  unique  way  to  complete  the  matrix    clAx)     in 
such  a  way  that  the  matrix  is  orthogonal,     c^(x)   =  0     for     a  >  y  >  2  y  and  each 

Y 

determinant  in  the  upper  left  hand  corner  is  positive.  The  c'  are  analytic • 
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THEOREM  5.1.2:     K*     and     K     are  analytic  and 


LK(x)   =  0     for     x  /*  0  . 

:B,J    .   and 


If     f  £    C°(Bp)   ,   and 


(5.U.16)  u(x)   =  /B ^  K(x  -  jj;  )f  (J|)d.jg 

n,  .  R 


then     u  £,  C"   (BR)     and 


Lu(x)   =f(x)   ,     h  (V^u)     <    C(m,1>,   h)h  (f) 

Proof :     We  shall  prove  the  analyticity  for    *\}  odd,  using  the  representation 
(5.li«12);    the  proof  for    V    even  is  similar.     Using  the  lemma,  we  may  introduce 
variables     £     ~vy 

*La  -  c^(x)^  =  /iftxj  a 

into   (5.U.12)  and  obtain 

K*(x)   =CJx|2m+1/<i,>0L"1&tl(x;   S)](^)2m+1d^) 

which  is  analytic  near  any  real     x  f  0   . 

Define  U(x)   «    /fi     K*(x  -  Jj  )f  (jfpd  jj . 

Then  we  note  that  any     (2m  +  V  +cl  -  l)st      derivative 

D2m+V^-lu(x)     .    ^      p(x.^)f(^    , 

A 

where      I       satisfies   the  hypotheses   of  Theorem  1  •  5 •  U *     Hence     U£.  C  v^r) 

and     ug  C^OU     with    h  (\/2mu)   <  Ch  (f)   ,  since 

jj,  XL  |X  —  JJ, 

y\(tJ  +q)/2  TT/    v  ,    v 

c_y  U(x)     =    u(x)   • 

Now,  from  5>»U«lU  and  Theorem  5.1.1,   it  follows  that 

A-1+(V^)/2LU(X),    .    /fi     K0(x-J)^)d^ 

R 

so  that   (corollary  to   Theorem  1.5.U) 

A(VV2  LU(x)     =     L^V^>/2  U(x)   -  Lu(x)   =f(x)   . 
5»5.     Holder  continuity  and     L       bounds  for  the  solutions  of  elliptic 
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equations   in  the  interior.      The  developments   in  this   section  parallel  those  of 
§  3«lu     '-'Je  state  the  following  theorem  without  proof: 

THEOREM  5.5.1   (Calderon-Zygmund  theorem) :     Suppose     J  £  G   (E^  x   -  lo  I  )     and 

is  homo  gone  ous   of  degree     -  L>   with 

(5.5.1)  ^3(0,1)  J<l>dE<t>    c    ° 

Then  there  is  a  cons  tant     C(p)     such  that  if    f  €  L  (E    J   ,    |<P<oo,  and 

(5.5.2)  u(x)   -    /_"  J(x  -^)f((j)d|,- 

then    u    is  defined  as   Gauchy  principal  value  almos  t  everywhere,     u  £  L  (E  }  )   ,  and 

II  »    11°    <    C(p)||f    ||° 

Wow,  we  proceed  as  in  §  3.U.     Suppose  that     u    is  a  solution  of   (5.1.1) 
with    X  *  0     on    BR     where  the  coefficients  satisfy  the  assumptions  of  §  5*3. 


We 


let  L~  be  the  operator  of  Lemma  5.3.1  and  set 


(5.5.3)  u  =  uR  +  HR  ,     uR  -  PR(LQu) 

(S.S.h)  UR  =  PH(f)     iff  UR(x)   =    /Bi    K(x  -j)f(bd 

R 
For    uR  ,  we  have  the  equation 

UH-TRUR  =  VR>      Vr"     PR[(L-L0)UR]    ' 
vR  =  PR(Lu)      ♦     TR  HR  j     also     I^HR(x)     -     0     on     BR  . 
For         <  p  <  co     and     0  <  y,  <  1  ,  we  define  the  space       C     "^     to  consist 

O  O 

of  all  functions     u  t   H     (3n)     such  that    u  6  C     (B  )     for  each    r  <  R    with 

p       H  jx      r 

*||  n|||^*  -  mx['|u  ||^  ,  sup   (H  -  r)T^(  \72mu,  *j] 

Pj^  jTq  P 

We  define  the  auxiliary  space      "Or     to  consist  of     f   ,  etc.,   such  that 
*|||  S  ||  £E    -    max  [  ||  f  |i°jR  ,  sup  (R  -  r)T^(f,  Bp)] 

Then  from  the  Calderon-Zygmund  theorem  and  a  proof  like  that  of   Theorem  3.U.2, 
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we  obtain 


THEOREM  5.5«2:     The  transformation     u  =  Ppf     is  a  bounded  operator  fr 


orri 


L  (E,)     to     H     (B.-,)     and  from     V^Bj     to     *C     "^(B-J     with  bound  independent 

p     ft      —      p       u      — —  — — — .         p     ft      — .        p  ft      .....  ,.  ..  ..  i. 

of     R     in  each  case. 

LEPMA  5.5«1   (interpolation  lemma):     Suppose     jj,     is  a  non-negative  measure 

over  the  set     E     and     f  £  L  (E,  p.)     and     L  (E,  u.)     where     p  <  q  •     Then 

— — —  p  <4 

f   i  L  (Ej   ;a)     for  each     r     with    p  <  r  <  q    and 

IIMIr    <    (||f||q)q(r-PVr(q-p).(||r||p)p(q-r;Mq-P) 

Ihe  result  holds  if  q  ■  +  oo  if  we  interpret  f  €  L  (E,  p,)  to  mean  that  f 
is  essentially  bounded  on  E  • 

Proof :  For  each  n  ,  let  E   be  the  set  of  points  x  in  E  where  n" 
<f  (x)  <  n  •   Then  |i(E  )  <  go  and  the  function  ^f       defined  by 

f(z)  =  /_  |f  (x)|zdj,  ,   f  (x)  -  f  (x)  on  E   and  0  on  E  -  E 
n      'E  '  n   '  r  '    n  n  n 

n 

is  analytic  for  all     z     and  is  bounded  in  any  strip     a  <  Re  z   <  b  •     Let  us 

first  suppose  that     q  <  +   go   .     'Then 

i<Pn(P  +  i£)i  <  \\fji,  iTah*i^)i.«y*j5 

Hence,  since  log  |  rn(z)|  is  subharmonic  and  bounded  above  in  the  strip 
p  <  Re  z  <  q  ,  we  conclude  that 

log    |fa(D  |     _<    f*  q  loS   ||  fj|q    ♦    |S  .p  log   ||  tJp 

from  which    L.he  first  result  for     f       follows:  the  last  result  for    f       then 

n  n 

follows  by  letting    q  — >   •►  co   •     The  results  for    f     follow  by  letting     n  — >  co 

THEOREM  5.5.3:      If     HR  £  H2m(.BR)     for  some     p   3  1  <  p   <  co  ,   and     LQHR  *  0 
on     BR  ,   then     H_     is  analytic   in     B_     and     HR  I   H     (B  )     and     to     "C  (BR) 

for  each     q  >  p   ,  and  each     r  <  R 
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A\\  H  r  |!  Jr     <    C(V,   m,   h,   p,   q)  1|  HR||^R  .(h  -  P)*  ,   X  =  -(!>/„)    +  (V/q) 
l!iHRlll^     <     C(-P,  m,  h,  Pj   q,  >)    ||HR||^R 

Proof :     First  extena     H„     to  be  in     Hp  q(B?r)   ,   have  support  in     BpR  ,   and 
such  that   (Theorem   2.1i.l) 

Hfc  -<  ca>,  m,  p)1|hhii^r 

Now  approximate  to  nL  in  H  (3?r)  ^y  functions  U  &  C  (Bpp)  •  For  each 
such  U  ,  let  x  <-  Bor,  and  define 

j»«  =r^ff^f)Ui  -  xo)dl  -  r^xoffffix*  -(x0  -.^]d^ 

We  note   that 

(5.5.5)  Lv^Cx)    =yO      f(~2T") 

Since     L     is   self -adjoint,  we   see  that 

(5.5.6)  /         [v.  LU  -  ULvr  ]dx  =  0 

B2R   r 

Letting    ,0  — >    0    we  obtain 

(5.5.7)  U(xJ      =    /,,     K(xn   -  x)LU(x)dx 

0  ^2R       U 

Ihen  (5.5.7)  holds  for  H„  for  x~  c  p,  .   Thus  I-L.  is  analytic  in  Bn  • 

n  u         ii  ft  it 

From   (5.5.7)  for     HD     and  the  fact  that     Ul0  £  L  (BOD)     and     is  0     in     BD  , 

ft  ft  p       c.i\.  it 

we  find   that 

(5.5.8)  !V2%(x)    <  c/B    ||  -x|_T,|mRAd| 

Applying  the  Holder  inequality  to   (5.5.8),  we  find  that 
(5.5.9)  |\T\(x)|     <    0(E-    |:c|)-V/p/!|HR||2r:!,    |x|    <   r. 

Ihen  the  first  conclusion  follows  from  the  interpolation  lemma.     Moreover,  by 
differentiating  once  more,  we  obtain 

|V2ra+1Hs(x)|    <    CK-(H  -    Ixl)-1-^  <CK(H  .  rJ-^-^/PCr  -    |X|)M- 

from  which  the  last  result  follows,  using  Theorem  1.5.2. 
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